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Abstract 

(N ; 

! In this paper we describe a four dimensional family of special rational elliptic sur- 
faces admitting an involution with isolated fixed points. For each surface in this family 

• we calculate explicitly the action of a spectral version of the involution (namely of its 

, Fourier-Mukai conjugate) on global line bundles and on spectral data. The calculation 

I is carried out both on the level of cohomology and in the derived category. We find that 

' the spectral involution behaves like a fairly simple affine transformation away from the 

. union of those fiber components which do not intersect the zero section. These results 



I are the key ingredient in the construction of Standard- Model bundles in |DOPWa 

MSG 2000: 14D20, 14D21, 14J60 

X 1 Introduction 



Let Z — »• 5* be an elliptic fibration on a smooth variety Z, i.e. a flat morphism whose 
generic fiber is a curve of genus one, and which has a section S —>■ Z. The choice of 
such a section defines a Poincare sheaf V on Z Xs Z. The corresponding Fourier-Mukai 
transform FM : D^{Z) D^{Z) is then an autoequivalence of the derived category D^{Z) 
of complexes of coherent sheaves on Z. It sets up an equivalence between SL{r, C)-bundles 
on Z and spectral data consisting of line bundles (and their degenerations) on spectral covers 
C (Z Z which are of degree r over S. This equivalence has been used extensively to construct 
vector bundles on elliptic fibrations and to study their moduli [[I''MW97| , pon97| . 



For many applications it is important to remove the requirement of the existence of a 
section, i.e. to allow genus one fibrations. This could be done in two ways. 

The 'spectrum' of a degree zero semistable rank r bundle on a genus one curve E consists 
of r points in the Jacobian Pic°(i?), rather than in E = Pic^(-E') itself. So one approach is 
to consider spectral covers C contained in the relative Jacobian Pic^ (Z/S). But the spectral 
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data in this case no longer involves a line bundle on C; instead, it lives in a certain non- 
trivial gerbe, or twisted form of Pic(C). So the essential problem becomes the analysis of 
this gerbe. 

The second approach is to find an elliptic fibration tc : X —>■ B together with a group G 
acting compatibly on X and B (but not preserving the section of tt) such that the action on 
X is fixed point free and the quotient is the original Z —>■ S. One can then use the Fourier- 
Mukai transform to construct vector bundles on X. The problem becomes the determination 
of conditions for such a bundle on X to be G-equivariant, hence to descend to Z. Equivalently 
we need to know the action of each g & G on spectral data. This is the restriction of the 
action on D''{X) of the Fourier-Mukai conjugate FM~^og*oFM of g*. This will be referred 
to as the spectral action of g. Unfortunately, the spectral action can be quite complicated: 
both global vector bundles on X and sheaves supported on C can go to complexes on X of 
amplitude greater than one. 

In this paper, we work out such a spectral action in one class of examples consisting 
of special rational elliptic surfaces. In the second part ||DOPWa[] of this paper we use this 
analysis to construct special bundles on certain non-simply connected smooth Calabi-Yau 
threefolds. These special bundles in turn are the main ingredient for the construction of 
Heterotic M-theory vacua having the Standard Model symmetry group S'f/(3) x SU{2) x U{1) 
and three generations of quarks and leptons. The physical significance of such vacua is 
explained in |P0PWb| and was the original motivation of this work. 

Here is an outline of the paper. We begin in section ^ with a review of the basic properties 
of rational elliptic surfaces. Within the eight dimensional moduli space of all rational elliptic 
surfaces we focus attention on a five dimensional family of rational elliptic surfaces admitting 
a particular involution r, and then we restrict further to a four dimensional family of surfaces 
with reducible fibers. This seems to be the simplest family of surfaces for which one needs 



the full force of Theorem |7. 1| : for general surfaces in the five dimensional family, the spectral 
involution T := FM'^^ or* o FM of r takes line bundles to line bundles, while in the four 
dimensional subfamily it is possible for T to take a line bundle to a complex which can not 
be represented by any single sheaf. We study the five dimensional family in section ^ and 
the four dimensional subfamily in section ^ This section concludes, in subsection [4.3| , with 
a synthetic construction of the surfaces in the four dimensional subfamily. This construction 
maybe less motivated than the original a priori analysis we use, but it is more concise and 
we hope it will make the exposition more accessible. 

In the remainder of the paper we work out the actions of r, FM, T, first at the level 
of cohomology in sections ^ and and then on the derived category in section 0. The main 
result is Theorem |7[l|, which says that T behaves like a fairly simple affine transformation 
away from the union of those fiber components which do not intersect the zero section. A 
corollary is that for spectral curves which do not intersect the extra vertical components, 
all the complications disappear. This fact together with the cohomological formulas from 
sections ^ and ^ will be used in |P0PWa[| to build invariant vector bundles on a family of 
Calabi-Yau threefolds constructed from the rational elliptic surfaces in our four dimensional 
subfamily. 
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2 Rational elliptic surfaces 

A rational elliptic surface is a rational surface B which admits an elliptic fibration (3 : B ^ 
P^. It can be described as the blow-up of the plane at nine points Ai, . . . , which are 
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the base points of a pencil {/tjfgpi of cubics. The map j3 is recovered as the anticanonical 
map of B and the proper transform of ft is /3~^(t). 

In particular the topological Euler characteristic of B is x{B) = X^^"^) + 9 = 12. For a 
generic B the map (3 has twelve distinct singular fibers each of which has a single node. For 
future use we denote by 5* C B the open set of regular points of [3 and we set /3* := (3\b*- 

Under mild general position requirements ||DP'1'80|| each subset of eight of these points 



determines the pencil of cubics and hence the ninth point. In particular we see that the 
rational elliptic surfaces depend on 2 ■ 8 — dimPG'L(3, C) = 8 parameters. 

Let ei, . . . ,69 be the exceptional divisors in B corresponding to the Aj's. Let C be the 
preimage of the class of a line in and let / := /3*Cpi(l). Note that 

9 

and that ei, . . . ,69 form a basis of H^{B, Z). 

The curves 61,62,... ,69 are sections of the map P : B ^ F^. Choosing a section 
e : ^ B determines a group law on the fibers of The inversion for this group law is an 
involution on 5* which for a general B extends to a well defined involution (—1)^ 6 : B ^ B. 
When B or e are understood from the context we will just write (— 1)_b or (—1). The 
involution {—l)B,e fixes the section e as well as a tri-section of (3 which parameterizes the 
non-trivial points of order two. The quotient Wi3/{—l)B,e is a smooth rational surface which 
is ruled over the base P^. For a general B this quotient is the Hirzebruch surface F2 and 
the image of e is the exceptional section of F2. This gives yet another realization of i? as a 
branched double cover of F2. 

A convenient way to describe the involution (—1)^,6 is through the Weierstrass model 

w.Wp^F^ of B^^F^ . 

e 

The model Wjs is described explicitly as follows. By relative duality R^P^,Ob = Cpi(— 1). 
This implies that /?*Ob(36) = (Opi © Opi(2) © Opi(3))^. Let 

p:P:= P(Cpi © Opi(2) © Cpi(3)) ^ F\ 

be the natural projection. The linear system (9^(36) defines a map v : B ^ P compatible 
with the projections. The Weierstrass model Wp is defined to be the image of this map. It 
is given explicitly by an equation 

y'^z = x^ + {p*g2)xz^ + {p*gz)z^ 

where g2 G /J°((9pi(4)) and g^, G if°(Opi(6)) and x, y and z are the natural sections of 
Op{l) ©p*Opi(2), Op{l) ©p*C»pi(3) and Op{l) respectively. 

In terms of Wp the section e is given by x = 2; = and the involution (— l)_B,e sends y to 
—y. The tri-section of fixed points of (—1)^,6 is given by ?/ = 0. 
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The Mordell-Weil group MW = MW{B, e) is the group of sections of /?. As a set MW 
is the collection of all sections oi f3 : B ^ ot equivalently all sections of : — > P^. 
The group law on MW is induced from the addition law on the group scheme /3* : -B* — »• 
and so e corresponds to the neutral element in MW(i?, e). For a section ^ C -B we will put 
[^] for the corresponding element of MW. Note that the natural map 

ci : MW(5, e) ^ Pic(5), [^] ^ Ob{0- 

is not a group homomorphism. When written out in coordinates, it involves both a linear 
part and a quadratic term (see e.g. | [Man64| |). However, when B is smooth the map Ci 
induces a linear map to a quotient of Pic(-B) which describes WFW{B, e) completely. Indeed, 
let B be smooth and let T C Pic(i?) be the sublattice generated by e and all the components 
of the fibers of f3. Then ci induces a map 

ci : MW(5, e) ^ Pic(fi)/T, [^] {Ob{0 mod T) 

which is a linear isomorphism ||Shi9CI|, Theorem 1.3] 



There is a natural group homomorphism t : MW BirAut(i?) assigning to each section 
^ G MW the birational automorphism : i? --■> 5, which on the open set -B* is just 
translation by ^ with respect to the group law determined by e. When (3 : B —>■ ¥^ is 
relatively minimal the map extends canonically to a biregular automorphism of B \ Kod63 
Theorem 2.9]. 



3 Special rational elliptic surfaces 



In the second part of this paper ||DUPWa|] we will work with Calabi-Yau threefolds X which 



are elliptically fibered over a rational elliptic surface B. Any involution tx on an elliptic CY 
TT : X B commuting with vr induces (either the identity or) an involution tb on the base 
B. In order for tx to act freely on X we need the fixed points of tb to be disjoint from the 
discriminant of vr. If i? is a rational elliptic surface, then the discriminant of vr is a section 
in K]^^^ = Ob(12/) and so (— 1)_b will not do. We want to describe some special rational 
elliptic surfaces which admit additional involutions. Within the 8 dimensional family of 
rational elliptic surfaces we describe first a 5 dimensional family of surfaces which admit 
an involution a^. The fixed locus of has the right properties but it turns out that 
does not lift to a free involution on X. However, one can easily show that each can 
be corrected by a translation (for a special type of section () to obtain an additional 
involution tb which does the job. Unfortunately the general member of the 5 dimensional 
family leads to a Calabi-Yau manifold which does not admit any bundles satisfying all the 
constraints required by the Standard Model of particle physics (see ||DOPWa|] ). We therefore 



specialize further to a 4 dimensional family of surfaces for which the extra involution tb can 
be constructed in an explicit geometric way. This provides some extra freedom which enables 
us to carry out the construction. The involution as fixes one fiber of j3 and four points in 
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another fiber. The involution tb fixes only four points in one fiber. A special feature of 
the 4 dimensional family is that it consists of -B's for which /3 has at least two I2 fibers. 
This translates into a special position requirement on the nine points in P^. Another special 
feature of the 4 dimensional family is seen in the double cover realization of B where the 
quotient B/{-l) becomes Fq = x P^ instead of F2. 

We thank Chad Schoen for pointing out that essentially the same surfaces and threefolds 
were constructed in section 9 of ||Sch88|| . The explicit example he gives there for what he calls 
the "m = 2 case" happens to exactly coincide with our four- dimensional family of rational 
elliptic surfaces. With small modifications, his construction could have given our full five- 
dimensional family as well. Schoen's construction technique is rather different than ours. He 
constructs the equivalent of our rational elliptic surface B and involution as directly (the 
surfaces we call B,B/aB are called Yq, Tq in | |Sch88[| ); then he invokes a general result of Ogg 
and Shafarevich for the existence of a logarithmic transform Y with quotient T; and finally, 
results from classification theory are used to deduce existence of an abstract isomorphism of 
Y with Yq such that his T becomes our B/tb- 

In the next several sections we will describe the structure of the rational elliptic surfaces 
that admit additional involutions. This rather extensive geometric analysis is ultimately 
distilled into a fairly simple synthetic construction of our surfaces which is explained in 
section [4.3|. The impatient reader who is interested only in the end result of the construction 



and wants to avoid the tedious geometric details is advised to skip directly to section 4.3 



3.1 Types of involutions on a rational elliptic surfaces 

Consider a smooth rational elliptic surface B ^J^ P^ with a fixed section. For any auto- 

e 

morphism tb of B we have t^Kb = Kb- Since K]^^ = /5*(9pi(l) this implies that tb induces 
an automorphism rpi : P^ ^ P^. If tb is an involution we have two possibilities: either 
Tpi = idpi or Tpi is an involution of P^. 

Both of these cases occur and lead to Calabi-Yau manifolds with freely acting involutions. 
For concreteness here we only treat the case when rpi is an involution. The case rpi = idpi 
can be analyzed easily in a similar fashion. 

If Tpi is an involution, then rpi will have two fixed points on P^ which we will denote by 
0,cx) e P^ Note that every involution on P^ is uniquely determined by its fixed points and 
so specifying rpi is equivalent to specifying the points 0, cx) G P^. Next we classify the types 
of involutions on B that lift a given involution rpi . 

Lemma 3.1 Let (3 : B ^ be a rational elliptic surface and let rpi : ^ be a fixed 
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involution. There is a canonical bijection 



(involutions tb : B ^ B , satisfying^ 
\t^i o 13 = (3 otb- J 



'Pairs {aBiQ consisting of: 

• An involution ub '■ B ^ B, 
satisfying r-pi o [3 = (3 o aB 
^ < which leaves the zero section 

invariant, i.e. aB{e) = e. 



• A section Q of (3 satisfying 

«b(C) = (-i)b(C). 

Proof. Let tb : B ^ B he such that Tfi o p = p o tb- Put ( = tb^c) for the image of the 
zero section under tb and let = o tb- 

Then is an automorphism of B which induces rpi on and preserves the zero section 
e G B. So : B ^ B will be an automorphism of B which acts trivially on P^. But 

OTb = TbO t *-i 

where T^/pi : Pic°(-B/P^) — > Pic'^(i?/P^) is the involution on the relative Picard scheme 
induced from tb- In particular we have that a\ must be a translation by a section. Indeed 
we have 



(3.1) 



a 



B 



O TBO TBO (0 = ^-C-r-\(C)- 



Combined with the fact that a\ preserves e ( |3.1| ) implies that a\ = i^^- On the other 
hand, if we use the zero section e to identify Pic°(5/pi) P^ with /3# : 5# ^ P\ then 
T^/pi = OLB- Indeed, let ^ G Pic°(i?/P^) and let a; G P^ be the projection of the point ^. Let 
fxCBhe the fiber of (3 over x. Denote by G fx the unique smooth point in fx for which 
Of^{m^) = ^ ®C/^(e(x)). Then by definition r^(^) is a line bundle of degree zero on fx such 
that 

OfArBim^)) = TB^ ® Oj^{TB{e{x))) = tb^ ® OfM^))- 

In other words under the identification of Pic''(/2;) with the smooth locus of fx via e(x) the 
line bundle r^^ — > fx corresponds to the unique point of fx such that 

OfM = OfArBim^)) ® OfM^) - C(x)). 

But the right hand side of this identity equals Of^ (^^(m^)) by definition and so = aBijn^)- 
Combined with the identity ( |3.1| ) and the fact that t : MW(i?) — Aut(i?) is injective 
this yields 



«b(C) = (-i)b(C). 
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Conversely, given a pair (a^, () we set tb = ti^oaB- Clearly tb is an automorphism of B which 
induces rpi on P-*^. Furthermore we calculate = t(^o aB^ti^o aB = tc^o aB^ oib ot_(^ = idfi. 
The lemma is proven. □ 

The above lemma implies that in order to understand all involutions tb it suffices to under- 
stand all pairs {aBiQ- Since the involutions ub stabilize e it follows that will have to 
necessarily act on the Weierstrass model of B. In the next section we analyze this action in 
more detail. 



3.2 The Weierstrass model of B 

Let as before rpi : — > be an involution and let (to : ^i) be homogeneous coordinates 
on P-^ such that Tpi((to : ^i)) = (^o '■ ~ti) and = (1 : 0) and oo = (0 : 1). Since to 
and ti are a basis of H^{F^, (9pi(l)) and since Opi{l) is generated by global sections we can 
lift the action of rpi to (9pi(l). For concreteness choose the lift to ^ toj ti ^ —ti- Since 
H°{F\0^i{k)) = S''H°(P\Opi{l)) we get a lift of the action of rpi to the line bundles 
Cpi(/c) for all k. We will call this action the standard action of rpi on Opi{k). Via the 
standard action the involution rpi acts also on the vector bundle Cpi © Cpi(2) © Cpi(3) and 
hence we get a standard lift Tp : P ^ P oi rpi satisfying TpOp{\) = Op{l). 

Assume that we are given an involution ob '■ B ^ B which induces rpi on P^ and 
preserves the section e. We have the following 

Lemma 3.2 (i) There exists a unique involution ay/p '■ —>■ Wp such that the natural 
map u : B ^ Wp satisfies awp o u = v o aB- 

(ii) Let W G P be a Weierstrass rational elliptic surface. Then the involution rpi lifts to 
an involution on W which preserves the zero section if and only if Tp{W) = W . 

(iii) If w : Wf3 — * P"*^ is not isotrivial, then is either Tp\w0 or Tp\w^ o (— 1)^^^. 

Proof. Since ^^((^^(e)) = C_B(e), there exists an involution on the total space of the 
bundle 0_B(e) which acts linearly on the fibers and induces the involution ob on B. Indeed 
- the square 7 o of the isomorphism 7 : a^(OB(e))^CB(e) is a bundle automorphism 
of 0_B(e) (acting trivially on the base) and so is given by multiplication by some non-zero 
complex number A G C. Rescaling the isomorphism 7 by V then gives the desired lift. 

In this way the involution induces an involution on Oe{—e) = (9pi(l) which lifts 
the action of rpi. Let us normalize the lift of to OB{e) so that the induced action on 
Oe{—e) = Opi(l) coincides with the standard action of rpi. Thus the Weierstrass model 
Wp C P must be stable under the corresponding Tp and the restriction of rp to Wp is an 
involution that preserves the zero section of w and induces rpi on the base. By construction 
'Tp\Wi3 coincides with the involution induced from ap up to a composition with (— This 
finishes the proof of the lemma. □ 

We are now ready to construct the Weierstrass models of all surfaces B that admit an 
involution a^. Similarly to the proof of Lemma the fact that rpOp(l) = Cp(l) implies 
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that the action of Tp can be hfted to an action on (9p(l). Since there are two possible such hfts 
and they differ by multiphcation by ±1 G we can use the identification Cp(l)|B = ^^(Se) 
to choose the unique hft that will induce the standard action of rpi on (9pi(3) = Oe{—3e). 
With these choices we define an action 

T*p : H\P,Opir)^p*Opis)) ^ H\P,Op{r)®p*Op{s)) 

of Tp on the global sections of any line bundle on P. Note that by construction we have 
TpX = X, TpH = y and TpZ = z. 

Consider the general equation of the Weierstrass model Wp of B: 

(3.2) = x^ + {p*g2)xz^ + {p*gz)z''. 

Here §2 G i/°(Cpi(4)) and ^3 e i/°(Cpi(6)). The fact Wp d P is stable under Tp implies 
that the image of the Weierstrass equation ( |3.2| ) under Tp must be a proportional Weierstrass 
equation. In particular we ought to have T^ig2 = §2 and T^^g^ = g^. 

Conversely, for any g2 G i/'^((9pi(4)) and g^ G if''((9pi(6)) which are invariant for the 
standard action of rpi it follows that Tp will preserve the Weierstrass surface W given by 
the equation ( [3.21 ). Note that for a generic choice of g2 and g^ the surface W will be smooth 
and so i? = W , as = Tp\w When W is singular, the surface B is the minimal resolution of 
singularities of W and hence aw = Tp\w determines uniquely by the universal property 
of the minimal resolution. 

Next we describe the fixed locus of a^. Note that since induces rpi on the fixed 
points of ap will necessarily sit over the two fixed points of rpi. So in order to understand 
the fixed locus of it suffices to understand the action of on the two a^-stable fibers 
of P - namely /o = P~^{0) and /oo = P^^{c>o). 

Lemma 3.3 Let ap be the involution on B induced from Tp\w0 (with the above normaliza- 
tions). Then ap fixes fo pointwise and has four isolated fixed points on foo, namely the 
points of order two. 

Proof. The curve /o is a smooth cubic in the projective plane 

Po = P(Oo©0(2)o©O(3)o), 

Where C(/c)o denotes the fiber of the line bundle Cpi(A;) at the point G P^. Note that 1, 
to(0)^ and to(0)^ span the lines Oq, 0{2)q and C(3)o respectively and so rpi acts trivially 
on those lines via its standard action. So if we identify those lines with C via the basis 
1, to(0)^ and to(0)^, then Xq := X|p„, Yq := y\p^^ and Zq := z\p^ become identified with 
sections of the line bundle (9p„(l) and can be used as homogeneous coordinates on Pq in 
which rp|P(, : Pq ^ Pq is given by (Xq : Yq : Zq) (Xq : Yq : Zq). In other words rpjPg acts 
as the identity on Pq and hence ap preserves pointwise the cubic 

/o : Y^Zq = Xl + g2{l: ^oZl + g^{l : 0)^^ c B. 
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In a similar fashion /oo is a cubic in the projective plane 

Poo =P(Ooo©0(2)oo©0(3)oo). 

In this case the lines Coo, ^(2)00 and C(3)oo have frames 1, tf and respectively and so rpi 
acts trivially on O^o and O(2)oo and by multiplication by —1 on (9(3)oo- This means that if 
we use these frames to identify Coo, C(2)oo and C(3)oo with C we get projective coordinates 
Xoo ■= x\p^, Foo := y\p^ and Z^o := z\p^ in which Tp\p^ acts as {X^ : : Z^c) ^ [X^ : 
— Yoo : Zoo) and /oo has equation 

r^Zoo = + (?2(0 : l)XooZ^ + (73(0 : l)Zl. 

In other words aB\foo = (^1)b|/oo ^^"^ so has four isolated fixed points on f^o coinciding 
with the points of order two on /oo- □ 

Note that if we consider the involution ap o (— 1)b instead of ap we will get the same 
distribution of fixed points with /o and /oo switched, i.e. we will get four isolated fixed 
points on /o and a trivial action on /oo- 



3.3 The quotient B/aB- 

Let f3 : B ^ he a rational elliptic surface whose Weierstrass model is given by ( pj.2| ), with 
g2 G if°(Cpi(4)) and (73 G if''(Cpi(6)) being invariant for the standard action of rpi. For the 
time being we will assume that (72 and are chosen generically so that B = W is smooth 
and (3 has twelve Ji fibers necessarily permuted by rpi. 
We have a commutative diagram 

B ^B/ap 



where sq : ^ is the squaring map (to ^ ^1) (^o • '^i)- 

Now by the analysis of the fixed points of above we have that iJ/a^ — > P^ is a genus 
one fibration which has six Ji fibers. Furthermore we saw that the only singularities oi B/ap 
are four singular points of type Ai sitting on the fiber over 00 = (0 : 1) G P^. 

Lemma 3.4 Assume that B is Weierstrass. 

(i) The minimal resolution B/ap of B/ap is a rational elliptic surface with a 6/1 + /q 
configuration of singular fibers and B /ap ^ is its Weierstrass model. 

(ii) The surface B is the unique double cover of B/ap whose branch locus consists of the 
fiber of B /ap ^ over = (1 : 0) G P^ and the four singular points of B/ap. 
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Proof. By construction S/ckb — > is a genus one fibered surface with seven singular fibers 
- six fibers of type /i (i.e. the images of the twelve Ii fibers of /3 under the quotient map 

B B/as) and one /q fiber (i.e. the fiber of B/aB — ^ over oo G P^). Moreover since 
the section e : P-*^ ^ 5 is stable under as we see that e(P^)/as d B/as will again be a 
section of the genus one fibration that passes through one of the singular points. So the 
proper transform of e{¥^)/aB in B/aB will be a section of 5/0;^ — >■ P^ which intersects the 
Iq fiber at a point on one of the four non-multiple components. □ 

In fact the quotient B ^ B / aB can be constructed directly as a double cover of the quadric 
Q = Fq = P^ X P^. In particular this gives a geometric construction of B as an iterated 
double cover of Q. 

Lemma 3.5 Every rational elliptic surface with 6/i + /q configuration of singular fibbers can 
be obtained as a minimal resolution of a double cover of the quadric Q branched along a curve 
M e Oq(2,4) which splits as a union of two curves of bidegrees (1,4) and (1,0) respectively. 

Proof. Indeed consider a curve T C Q of bidegree (1, 4) and a ruling r C Q of type (1, 0). 
Assume for simphcity that T is smooth and that T and r intersect transversally. The double 
cover Wm of Q branched along M -.— TUr is singular at the ramification points sitting over 
the four points in Tflr. The curve T is of genus zero and so for a general T the four sheeted 
covering map pi\T : T will have six simple ramification points. Thus 

has six singular fibers of type Ii and one fiber passing trough the four singularities of Wm- 
Let s G Q he any ruling of type (0, 1) that passes trough one of the points in Tflr. Then 

s intersects M at one double point and so the preimage of s in Wm splits into two sections 

of the elliptic fibration Wm — ^ P^ that intersect at one of the singular points of Wm- This 

implies (as promised) that the minimal resolution Wm of Wm is a rational elliptic surface of 

type 6/i + Iq and that Wm is its Weierstrass form. 

Alternatively we can construct Wm as follows. Label the four points in T fl r as 

{Pi, P2, P3, P4}- Consider the blow-up 4> : Q ^ Q oi Q &t the points {Pi, P2, P3, P4} and let 

T and f be the proper transforms of T and r under 0. We have 

O^if + r) = <f>*OQ{T + r) ® |^-2 ^ 

where £'j C Q is the exceptional divisor corresponding to the point Pj. This shows that the 
line bundle 0^{T + r) is uniquely divisible by two in Pic(Q) and so we may consider the 

double cover of Q branched along T + r. Since each of the rational curves Ei intersects the 
branch divisor T U f at exactly two points it follows that the preimage Di of Ei in the double 
cover of Q is a smooth rational curve of self-intersection —2. But if we contract the curves 
Di we will obtain a surface with four Ai singularities which doubly covers Q with branching 
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along M = T U r, i.e. we will get the surface Wm- In other words the double cover of Q 
branched along T + f must be the surface Wm- Let ip : Wm — > Q and ip : Wm — ^ Q denote 
the covering maps and let : Wm Wm be thejDlow-up that resolves the singularities 
of Wm- Hence the elliptic fibrations on Wm _and Wm are given by the composition maps 
LO := pi o ip : Wm — * and Cj : = pi o ip o (p : Wm respectively. 

Finally to write Wm as a quotient Wm = B/as (respectively Wm as a quotient Wm = 
B/ob we proceed as follows. If there exists a Weierstrass rational elliptic surface jS : B —>■ 
so that Wm = B/ub, then k : B Wm will be the unique double cover of Wm branched 
along the fiber {Wm)o '-= ^^^^(0) and at the four singular points of Wm- In view of the 
universal property of the blow-up we may instead consider the unique double cover k : B ^ 
Wm which is branched along the divisor {Wm)o + X]^=i To see that such a cover exists 
observe that Cj^^ [oo) is a Kodaira fiber of type Iq and we have Cj^^ [oo] = 2V + J2t=i -^i' 
where 2V = ip*{f) is the double component of cj~^(oo). This yields 

and so 0^^^{(Wm)o + Ylt=i B>i) is divisible by two in Pic(WAf)- But from the construction 
of Wm it follows immediately that tii(Wm) = and so ViciWM) is torsion-free. Due to this 
there is a unique square root of the line bundle C^^^ ((PVm)o + Yl'i=i ^i) S^^ ^ unique 

root cover k, : B ^ Q as desired. 

Let Di G B denote the component of the ramification divisor of k which maps to Di. 
Note that each Di is a smooth rational curve and that since k*Di = 2Di we have 

A ■ A = h*iD^) = i . 2 ■ A— ^ ■ 2 ■ (-2) = -L 

Therefore we can contract the disjoint (—1) curves {Di}f^^ to obtain a smooth surface B 
which covers Wm two to one with branching exactly along (VFm)o and the the four singular 
points of Wm- If we now denote the covering involution of k : -B — > Wm by we have 
Wm = B/as and Wm = B/as- This construction is clearly invertible, so the lemma a is 
proven. □ 

Corollary 3.6 All rational elliptic surfaces (3 : B ^F-^ which admit an involution as, which 
preserves the zero section e of (3 and induces an involution on P^, form a five dimensional 
irreducible family. 



Proof. According to lemma p.5| every such surface B determines and is determined by the 
curve M = T U r d Q and by the choice of a smooth fiber {Wm)o of Wm- The curve M 
depends on dim |Cq(1, 4)| +dim |Cq(1, 0)| — dim Aut((5) = 9-1-1 — 6 = 4 parameters. Adding 
one more parameter for the choice of {Wm)o we obtain the statement of the corollary. □ 
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It is convenient to assemble all the surfaces and maps described above in the following 
commutative diagram: 




where the maps </>, </> and e are blow-ups. The maps ■?/', ■?/', k and k are double covers and cj, 
u), (3 and (3 are elliptic fibrations. 

Now we are ready to look for the involutions tb- 

Let B and ub be as in the previous section. As explained in Section in order to 
describe all possible involutions tb we need to describe all sections C, : ^ B such that 



a 



B 



c 



Remark 3.7 The existence of such a section ( can be shown by solving an equation in the 
group MW. For this, observe that since as preserves the fibers of (3 it must send a section to 
a section. Thus ub induces a bijection amw '■ MW MW, which is uniquely characterized 
by the property 



Cl 



ObMO)- 



Also, by the definition of (— 1)_b we know that ci(— [,^]) = (—1)^(0 and hence we need to 
show the existence of a section (, such that aMw([C]) = ~[C]- 

The first step is to observe that since the isomorphism t^iB^B preserves the group 
structure on the fibers, the induced bijection amw on sections is actually a group automor- 
phism. 

Next note that for the general B in the five dimensional family from Corollary |3.6| , the 
lattice T has rank two since the general such B has only singular fibers of type Ji and so 
T = Ze © Z/. Moreover aB\T = idr, and so the space of anti-invariants of a*^ acting on 
Pic(-B) ® Q injects into the space of anti-invariants of omw- But in Section O we showed 
that B/aB is again a rational elliptic surface which has four Ai singularities. In particular 
Tk{Pic{B /as)) = 6 and so there is a 4-dimensional space of anti-invariants for the a*B action 
on Pic(5) Q. 

This implies that omw has a 4 dimensional space of anti-invariants on MW (8> Q and 
hence we can find a section ( e with aMw([C]) = ~[C]- The involution tb corresponding 
to (as, () will have only four isolated fixed points. 
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4 The four dimensional subfamily of special rational 
elliptic surfaces 

From now on we will restrict our attention to a 4-dimensional subfamily of the 5-dimensional 
family of surfaces of Corollary |3.6| . We do this for two reasons: 

• Mathematically, this seems to be the simplest family where the full range of possible 
behavior of the spectral involution T = F or'^oF M is present, see Proposition [7.1| . 
Indeed, for a generic surface in the five dimensional family, T takes line bundles to line 
bundles, so everything can be rephrased without the use of the derived category. 

• In terms of our motivation from the physics, this specialization is needed for the con- 
struction of the Standard Model bundles. By taking fiber products of surfaces from 
the five dimensional family one indeed gets a smooth Calabi-Yau with a freely acting 
involution. However, it turns out that for a generic such B, the cohomology of the 
resulting Calabi-Yau is not rich enough to lead to invariant vector bundles satisfying 
the Chern class constraints from [pOPWa|. 



4.1 The quotient B/tb 

The starting point of the construction of the four dimensional family is the following simple 
observation: since ( must satisfy a^(C) = (~1)b(C) it will help to work with rational elliptic 
surfaces B for which we know the geometric relationship between the two involutions as and 
{—1)b- In the previous section we interpreted the involution as the covering involution 
of the map k. On the other hand the involution (— 1)b was the group inversion along the 
fibers of f3 corresponding to a zero section e : ^ -B which was chosen to be one of the two 
components of the preimage in 5 of a ruling of type (0, 1) in Q which passes trough one of 
the four points in T fl r. Since in this setup the involutions as and (— 1)b are generically 
unrelated it is natural to look for a special configuration of the curves T and r for which 
{—1)b can be related to the maps n and tp. 

Lemma 4.1 Consider the family of rational elliptic surfaces B obtained as an iterated double 
cover B —>■ Wm — > Q for which the component T of the branch curve M is split further into 
a union T = sU% where s is a ruling of Q of type (0, 1) and % is a curve of type (1, 3). Let 
as before e be the section of B mapping to s G Q. Then we have: 

(i) The involution {—l)B,e is a lift of the covering involution of the double cover ip : Wm 

(ii) For a general pair {B, ob) corresponding to a branch curve M = s U T U r there exist 
three pairs of sections of P labeled by the non-trivial points of order two on /o and such 
that the two members of each pair are interchanged both by aB and (— 1)_b. 
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Proof. If the curve T is chosen to be general and smooth, then the branch curve M has 
five nodes {P, Pi, P2, P3, P4}. Here as before {Pi, P2, P3, P4} = T fl r and the extra point P 
is the intersection point of the curves T and s. 

Let {p,Pi,P2,P3,P4} C Wm denote the corresponding singularities of Wm- Observe that 
for a general choice of the curve T and the point G the singularity p G Wm is not 
contained in the branch locus {Wm)q U {^1,^2, Pa, P4} of the map k. In particular the double 
cover of Wm branched along {Wm)o U {^1,^2,^35^4} will have two Ai singularities at the 
two preimages pi and p2 of the point p. In order to get a smooth rational elliptic surface 
we have to to blow up this two points. Abusing slightly the notation we will denote by B 
the resulting smooth surface and by /t : P — Wm the composition of the blow-up map with 
the double cover of Wm branched along {Wm)q U {pi,P2,P3, J94}. Let ni,n2 C B denote the 
exceptional curves corresponding to pi and p2 and let 01,02 denote proper transforms in 
B of the two preimages of the fiber u~^{uj{p)) in the double cover of Wm branched along 
{Wm)o U {pi,P2,P3,P4}- Here we have labeled oi and 02 so that pi G oi and p2 G 02. 
From this picture it is clear that /3 : P ^ is a smooth rational elliptic surface with a 
8/1 + 2/2 configuration of singular fibers which is symmetric with respect to the involution 
Tpi. Furthermore the two I2 fibers of (3 are just the curves Oi U rii and 02 U n2 and the two 
fixed points {0, 00} of rpi correspond to two smooth fibers /o and foo of (3. Note also that 
the proper transform of the section s G Q via the generically finite map ip o k : B ^ Q 
is an irreducible rational curve e d B which is a section of /3 : P — P^. Moreover the 
inversion (— 1)b with respect to e commutes with the covering involution Ub for the map k 
and descends to an inversion (— l)vi/^^ along the fibers of the elliptic fibration oj : Wm P^ 
which fixes the image of e pointwise. But by construction the image of e in Wm is just the 
component of the ramification divisor of the cover ifj : Wm Q sitting over s G Q. In 
particular {—1)wm is just the covering involution for the map ip. 

We are now ready to construct a section ^ : P^ ^ P of /3 satisfying = (— 1)b(C)- 

Indeed, assume that such a section exists. 

Due to the fact that a^i/o = id/o we have ^(0) = — C(0) i.e. C(0) is a point of order two on 
/o. Now from the Weierstrass equation (|3.2|) of P it is clear that the general P cannot have 
monodromy ro(2) and so without a loss of generality we may assume that C 7^ ~C = c^bC- 
Consider now the image k(^) C Wm = B jas of C in Wm- We have ^''^{k^Q) = C U c^bC- 
On the other hand the preimage of the general elliptic fiber of uo : Wm P^ via n splits as 
a disjoint union of two fibers of /? and so asifo = id/o we have ({0) = — C(0) i.e. ({0) is a 
point of order two on /q. Consider now the image C Wm = B/as of C in Wm- We 
have k~^{k{C,)) = C U Q^bC- On the other hand the preimage of the general elliptic fiber of 
uj : Wm P"*^ via k splits as a disjoint union of two fibers of (3 and so 

k{C) ■ uj'\vi) = l^^*{^^{0 ■ oo-\pt)) = ^(C + a*0 ■ (2r'(pt)) = 2 

i.e. the smooth rational curve k,{() is a double section of u. Moreover the condition a^C = —( 
combined with the property obiBoo = i~^)Bac implies that {a*^)C{oo) = ({00) and so the 
double cover u!\k(() : /t(C) P^ is branched exactly over the points 0, 00. Furthermore since 
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C(0) is a point of order two on /o it must lie on the preimage of T in i? and so the two 
ramification points of the cover co'Ik(c) : i^iC) must both he on the ramification divisor 

of the double cover ip : Wm ^ Q as depicted on Figure |1]. 
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Figure 1: The section ( 

Also note that if we puUback to B the involution of Wm acting along the fibers of ip we 
will get precisely (— 1)_b. Combined with the fact that a*^^ = this shows that k{Q is 

stable under the involution of Wm acting along the fibers of and so ip'^ii'if^iO)) = ^(0- 
Put q := iP{k{()). Then g is a smooth rational curve which intersects each of the curves 
T and r at a single point so that the double cover iplnio '■ ^(C) Q is branched exactly at 
g n (T U r). So g is the unique ruling of type (0, 1) on Q which passes trough the point 

^(«(C(o)))GTngo. 

Conversely if we start with any ruling q of type (0, 1) that passes trough one of the four 
points in T n /o we see that ip~^{q) is a smooth rational curve which is a double cover of q 
with branch divisor g fl (T U r). Since the rulings of type (1,0) pull back to a single fiber of 
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uj via '\\) we see that 



^-\q) ■ cu-i(pt) = r{(i- pr'(pt)) = 2g ■ pr'(pt) = 2, 

and so g is a double section of the elhptic fibration uj : Wm — ^ which is tangent to the 
fibers (Wm)o and (Wm)oo- Also it is clear that for T and r in general position the point qHr 
is not one of the four points in T fl r and so the point of contact of ip'^iq) and {Wm)oo is 
not one of the four isolated branch points of the covering k : B ^ Wm- So ip^^iq) intersects 
the branch locus of k at a single point with multiplicity two - namely the point of contact of 
(W^m)o and ip~^{q)- This implies that the preimage of ip~^{q) in B splits into two sections 
of (3 that intersect at a point on the fiber /q and are exchanged both by and (— 1)^. The 
lemma is proven. □ 

Finally, let tb be the involution of B corresponding to the pair {aB,C) constructed in the 
previous lemma. Then the quotient B/tb is again a genus one fibered rational surface which 
similarly to B/ub has four Ai singularities all sitting on fiber over oo e P^. However B/tb 
has also a smooth double fiber and so is only genus one fibered. The minimal resolution of 
B/tb in this case has a 4/i + J2 + /g +2-^0 configuration of singular fibers. 



4.2 The basis in (^5, Z) 

In order to describe an integral basis of the cohomology of B we need to find a description 
of our i? as a blow-up of in the base points of a pencil of cubics. 

To achieve this we will use a different fibration on B, namely the fibration 




induced from the projection of the quadric Q onto its second factor. The fibers of 5 can 
be studied directly in terms of the degree four map ip o k : B —>■ Q but it is much more 
instructive to use instead an alternative description of i? as a double cover of a quadric. 
In section we saw that the description of B as an iterated double cover 



B A Wm ^ Q 

of the quadric Q yields two commuting involutions and (— 1)b on B. By construction the 
quotient B/as can be identified with the blow-up of the rational elliptic surface Wm at the 
Ai singularity p G Wm sitting over the unique intersection point {P} = s fl T. In particular 
if we consider the Stein factorization of the generically finite map k : B Wm we get 

B^Wp^ Wm. 

Here Wp is the Weierstrass model oi j3 : B ^ ¥^ and B Wjs is the blow-up the two 
Ai singularities of Wp and the map Wp Wm is the double cover branched at (Wm)o U 
{PuP2,P3,Pa}- 
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Similarly we can describe the quotients B/{—1)b and B/{{—1)b o olb) as blow-ups of 
appropriate double covers of Q. Indeed the curves on Q that play a special role in the 
description of B as an iterated double cover are: the (1, 3) curve X, the (0, 1) ruling s and 
the (1, 0) rulings r = Too = Pi^{oo) and tq = pj~^(0). 

Consider the double cover lo' : Wm> — Q branched along the curve M' — TUro = sUTUrg 
and the double cover Sq : Q — > Q branched along the union of rulings Tq U Too- Clearly Q 
is again a quadric which is just a the fiber product of pi : Q ^ ¥^ with the squaring map 
sq : — >• P^, i.e. we have a fiber-square 

Q 



pi 



pi 



sq 

The preimage X := Sq~^(T) C Q of T in Q is a genus two curve doubly covering T with 
branching at the six points Tfl (ro UToo)- Also, the preimage s = Sq^^(s) is a rational curve 
doubly covering the ruling s branched at the two points s fl (ro U Too). In particular, s is a 
ruling of type (0, 1) on Q. Similarly, if we denote by fo and foe the two components of the 
ramification divisor of Sq : Q — ^ Q, then fo and Too are rulings of type (1, 0) on Q. 

Now it is clear that the Weierstrass model Wfj of B can be described as either of the 
following 

• Wj3 — > Wm is the double cover branched at the fiber {Wm)o and the four points 
{PitP2,P3,P4} of order two of the fiber {Wm)oo- 

• — > Wm' is the double cover branched at the fiber (Wm) oo and the four points of 
order two of the fiber {Wm)o- 

• — > Q is the double cover branched at the curve sU%. 
Furthermore 

• The quotient B/as ^ Wm is the blow-up of Wm at the Ai singularity p sitting over 
the point P & Q oi intersection of s and T. The map B — > B/ub is the double cover 
of B/aB branched at the fiber {B/aB)o and the four points of order two of {B/aB)oo- 

• The quotient S/(q;so(— 1)^) Wm' is the blow-up of Wm> at the Ai singularity 
sitting over the point of intersection of s and T. The map B ^ B/{aB o (— is the 
double cover of 5/(0:5 o (—1)^) branched at the fiber {B/aB) 00 and the four points of 
order two of {B/aB)o- 

• The quotient B/{—1)b is the blow-up of Q at the two intersection points of s and T. 
The map B ^ B/(—1)b is the double cover branched at the strict transform of s U X. 
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The action of the Klein group (a^, (— 1)^) on B and all of the above maps are most 
conveniently recorded in the commutative diagram 



(4.1) 



B/aB 




IB) 



where the solid arrows in the first and third rows are all double covers, the solid arrows in 
the middle row are blow-ups and the dotted arrows are Stein factorization maps. 

In order to visualize the system of maps ( [1.1| ) better it is instructive to label all the 
double cover maps appearing in ( [4.1|) by a picture of their branch loci. This is recorded in 
the diagram in Figure |^. 

There is a definite advantage in interpreting geometric questions on B or Wp on all three 
surfaces Wm, Wm' and Q. For example, by viewing Wp as a double cover of the quadric Q 
we can easily describe the fibers of the rational curve fibration 5 : i? — *• defined in the 
beginning of the section. Indeed, due to the commutativity of (|4.1| ) the map S = p2 o ip o k 
decomposes also as 



B^B/{-1)b 



-Q 



P2 



.pi 



where p2 : Q ^ is the projection onto the ruling of type (1,0). In particular we can 
view each fiber 5~^{x) of the map 5 : B ^ ¥^ as the double cover of the fiber p2^ix) of 



P2 '■ Q ¥^ branched along the degree two divisor % (1 p2 (x) C (x). This shows that 
the singular fibers of 6 are precisely the preimages under the map B ^ Q oi s and of those 
(0, 1) rulings of Q which happen to be tangent to the curve T. 

Since the curve T is of type (2, 3) on Q we see by adjunction that % must have genus two 
and so by the Hurwitz formula the double cover map p2 : ^ will have six ramification 
points. This means that there are six rulings of Q of type (0, 1) which are tangent to T, i.e. 
generically 6 will have seven singular fibers (see Figure ^). Six of those will be unions of two 
rational curves meeting at a point and the seventh one will have one rational component 
occurring with multiplicity two (the preimage in B of the strict transform of s in B/{—1)b) 
and two reduced rational components ni and n2 (the exceptional divisors of the blow-up 
B Wp). Notice moreover that (|4.1| ) implies that the preimage in B of the strict transform 
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Figure 3: The singular fibers of 5 



of s in B/{—1)b is precisely the zero section e of the elliptic fibration f3 : B ^ and so 
the non-reduced fiber of 6 is just the divisor 2e + rii + n2 on B. In fact, one can describe 
exphcitly the (0, 1) ruhngs of Q that are tangent to the curve X. Indeed let pt e Tq fl X be 
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one of the three intersection points of tq and %. Choose (analytic) local coordinates (x, y) 
on a neighborhood pt G f/ C Q so that pt = (0, 0), Tq has equation x = in U and the (0, 1) 
ruling through pt G Q has equation ?/ = in [/. Let U (Z Q he the preirnage of U in Q. 
Then there are unique coordinates {u, v) on U such that the double cover U ^ U is given 
by {u,v) (— i> {u'^,v) = {x,y). Due to our genericity assumption^ the local equation of T in 
U will he X = ay + (higher order terms) for some number a. Thus the pullback of tq to U 
will be given by m = and T will have equation = av + (higher order terms). Since by 
construction f = is the local equation of a (0, 1) ruling of Q it follows that T is tangent to 
the three (0, 1) rulings of Q passing through the three intersection points in T fl tq. In the 
same way one sees that T is tangent to the three (0, 1) rulings of Q passing through the three 
intersection points in T fl f^o- This accounts for all six (0, 1) rulings of Q that are tangent 
to T. 

We are now ready to describe B as the blow-up of at the base locus of a pencil of 
cubics. Each component of a reduced singular fiber of 5 is a curve of self-intersection (—1) 
on B. For every such fiber choose one of the components and label it by e^, i = 1, 2, . . . , 6 
(see Figure Now e, 61,62,... , 65 is a collection of seven disjoint (—1) curves on the 
rational elliptic surface B. The curves ni and n2 are rational (—2) curves on B and so if 
we contract e each of them will become a (—1) curve. So if we contract 6, 61, 62, . . . ,65 and 
after that we contract ni we will end up with a Hirzebruch surface. Moreover numerically 
6, 6 + ni, 61, 62, . . . ,66 behave like eight disjoint (—1) curves on B and so the result of the 
contraction of 6, ni, 61, 62, . . . ,66 should be Fi. Contracting the infinity section of Fi we will 
finally obtain as the blow down of nine (—1) divisors on B. Let 67 denote the infinity 
section of Fi. To make things explicit let us identify 67 as a curve coming from Q. Denote by 
t d Q the image of 67 in Q. Then c is an irreducible curve which intersects the generic (0, 1) 
ruling at one point. This implies that e is of type (1, fc) on Q and so e must be a rational 
curve. In particular the map 67 — > e ought to be an isomorphism and 67 U (—1)^(67) is the 
preimage in B of the strict transform of e in B/{—1)b- Equivalently 67 U (—1)^(67) is the 
strict transform in B of the preimage of e in Wf^. This implies that the preimage of e in Wp 
is reducible and so e must have order of contact two with the branch divisor 5 U X of the 
covering Wp — > Q at each point where e and 5 U T meet. Since e ■ 5 = (1, A;) ■ (0, 1) = 1 this 
implies that e must pass through one of the two intersection points of s fl T and be tangent 
to T at (e ■ T - l)/2 points. But 

e-X-1 (l,A:)-(2,3)-l 
2 2 

and so 67 ■ (—1)^67 = k + 1. From here we can calculate k. Indeed, on one hand we know 
that 67 = —1 and so 

(67 + (-1)567)' = -2 + 2 + 2A; = 2A;. 
^We are assuming that T meets tq and r^o trans versally. 
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On the other hand 67 + (—1)^67 is the preimage in B of the strict transform of e in B/{—l) b- 
But B/{—1)b is simply the blow-up of Q at the two intersection points of s and T and e 
passes trough only one of those points and so the strict transform of e in B/[—1)b has 
self- intersection — 1. In other words 

(e7 + (-1)567)' = 2(e2 - 1) = 2{2k - 1) = 4A; - 2, 

and so A; = 1. _ 

Therefore, in order to reconstruct 67 starting from Q we need to find a (1,1) curve e on 
Q which passes through one of the two points in s n T and tangent to T at two extra points. 
But curves like that always exist. Indeed, the linear system |0q(1, 1)| embeds Q in P^. Pick 

a point J G 5 n T and let j : Q --^ be the linear projection of Q from that point. Now 
the (I, l)-curves passing through J are precisely the preimages via j of all lines in and 
so the curve e will be just the preimage under j of a line in P^ which is bitangent to j(T). 
To understand better the curve C P^ note that it has degree (1, 1) • (2, 3) — 1 = 4 and 
that the map j : X — j (T) is a birational morphism. Furthermore any (1, l)-curve passing 
trough J and another point on the (1,0) ruling through J will have to contain the whole 
(1,0) ruling. Since the (1,0) ruling trough J intersects T at J and two extra pointsJ' and 
J", it follows that j(J') = j{J")- Therefore j(T) is a nodal quartic in P^ and the curve 
c <Z Q corresponds to a bitangent line of this nodal quartic. The normalization of this nodal 
quartic is just the genus two curve % and the lines in P^ correspond just to sections in the 
canonical class cu^ that have poles at the two preimages of the node. But a linear system 
of degree 4 on a genus two curve is always two dimensional and so the space of lines in P^ 
is canonically isomorphic with \uj;^{J' + J")\- In other words, finding the bitangent lines to 
j(T) in P^ is equivalent to finding all divisors in \uj^{J' + J")\ of the form 2V where V is 
an effective divisor of degree two on X. Since every degree two line bundle on a genus two 
curve is effective we see that finding e just amounts to choosing a non-trivial square root of 
the degree four line bundle u;7^{J' + J"). 

Going back to the description of B as the blow-up of P^ at the base points of a pencil of 
cubics assume for concreteness that J is the point in s fl T corresponding to the exceptional 
curve rii C B. Let e C Q be a (1, 1) curve which passes trough J and is bitangent to T at 
two extra points. Let G B he one of the components of the preimage in B of the strict 
transform of 67 in B/{—1)b- Label by Ci,... ,eQ the components of the reduced singular 
fibers of 6 : B ^ which do not intersect 67. Then Ci, . . . ,66 and e and 67 are disjoint 
(— 1) curves on B. After contracting these eight curves and the image of the curve ni we 
will get a P2. 

Let c : -B — s> P^ denote this contraction map and let i = c*(9p2(l) be the pullback of 
the class of a line via c. Thus Pic(i?) is generated over Z by the classes of the curves i, 
Ci, . . . ,66, e, 67 and rii. In particular, if we put 

eg := e 

eg := e + Ui 
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we see that 

with £^ — 1, i ■ Ci — and • Cj — —Sij. 
Note that in this basis we have 



(4.2) 



ni = 68 - eg 

01 = / - 68 + eg 

n2 = f.~e-r- eg - eg 

02 = 2£ — ei — e2 — ea — e4 — e5 — cq. 



4.3 A synthetic construction 

Before we proceed with the calculation of the action of tb on H'^{B,Z) it will be helpful to 
analyze how the surface B and the map c : S — > can be reconstructed synthetically from 

geometric data on P^. 

First we will need a general lemma describing a birational involution of P^ fixing some 
smooth cubic pointwise. 

Lemma 4.2 Let T <Z be a smooth cubic and let b & F. There exists a unique birational 

involution a : P^ --->• P^ which preserves the general line through b and fixes the general point 
ofT. Let 6i, &2, ^3, ^4 G r be the four ramification points for the linear projection of T from 
b. Then 

(i) a sends a general line to a cubic which is nodal at b and passes through the bi 's. 

(ii) a sends the net of conies through bi, 62, &3 to the net of cubics that are nodal at 64 and 

pass through b, 61, 62, &3- 

Proof. Let a : P^ — -»• P^ be a birational involution which fixes the general point of the 
cubic r and preserves the general fine through b E T. If 6 e L C P^ is a general line, then 
L n r consists of three distinct points {b, Ol, ool}- Since a preserves L it follows that a\L is 
a birational involution of L which fixes the points 0^, and ool. But any birational involution 
of P^ is biregular, has exactly two fixed points and is uniquely determined by its fixed points. 
Thus the restriction of a on the generic line through b is uniquely determined and so there 
can be at most one such a. Conversely we can use this uniqueness to show the existence 
of a. Indeed, choose coordinates {x : y : z) in P^ so that 6 = (0 : : 1) and F is given by 
the equation F{x, y, z) = with F a homogeneous cubic polynomial. Since 6 G F we can 
write F = Fiz"^ + F2Z + F3 with F^ a homogeneous polynomial in {x,y) of degree d. Let 
{x : y : z) he a. point in P^ and let L — {{x : y : z + t)}tgpi be the line through b and 
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{x : y : z). The involution a\L will have to fix the two additional (besides b) intersection 
points of L and F. The values of t corresponding to these points are just the roots of the 
equation F{x, y, z + t) =0, that is the solutions to 

(4.3) Fi(x, y)t^ + F,{x, y, z)t + F{x, y, z) = 0. 

On the other hand since t is the affine coordinate on L the involution a\L : ^ will be 
given by a fractional linear transformation 

at + h 
t ^^ 

ct + a 

for some complex numbers a, 6, c and d. The condition that a\L 7^ id^ but = idz. is 
equivalent to d = —a. 

In these terms the fixed points of a\L correspond to the values of t for which 

(4.4) ct^ -2at-b = 0. 

Comparing ( |4.3| ) with ( ^4.4| ) we conclude that a = —{l/2)Fz{x,y, z), b = —F{x,y,z) and 
c = Fi (x, y) and so 

// , f F,{x,y,z)t + 2F{x,y,z) 

a\L[[x : y : z + 1)) = \ x : y : z ; : ; — 

'^^ V 2F^{x,y)t + F-,{x,y,z) 

In particular for t = we must have 

F{x,y,z) 



(4.5) a{{x:y:z)) = a\L{{x:y:z))=[x:y:z-2 

\ F,{x,y,z) 

Now the formula ([4.5|) clearly defines a birational automorphism a of P^ and it is straight- 
forward to check that = idp2. This shows the existence and uniqueness of a. 

To prove the remaining statements note that the a that we have just defined lifts to a 
biregular involution a on the blow-up (7 : P^ — > P^ of P^ at the points 6, 61, 62, ^3, ^4- Let 
S, El, S2, S3, S4 C P^ denote the corresponding exceptional divisors and let £ = g*Op2{l) 
be the class of a line. By definition a preserves the general line through b and the cubic F. 
Hence a will preserve the proper transforms of F and the general line through b, i.e. 




Also it is clear (e.g. from ( [4.5|) ) that a identifies the proper transform of the line through b 
and bi with Sj and so 

dfS,;) = £ - S - S, 
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for i = 1, 2, 3, 4. Therefore we get two equations for d{i) and 



4 

3a{i) - a(S) = 7£ - 5S - 2 ^ Ei, 

i=l 

which yield a{£) = 3£ - 2S - and a(S) = 2^ - S - ^i- 

If now L is a hne not passing through any of the points &, &i, &2, &3, &4 we see that the 
proper transform L of L in is an irreducible curve such that &{L) is in the linear system 
\3i — 2E — Ylt=i particular a{L) intersects S at two points and intersects each Ej at 

a point. So a{L) = g{a{L)) is a cubic which is nodal at b and passes through each of the 
6j's. This proves part (i) of the lemma. 

Similarly if C is a conic through bi, 62 and 63, then C is an irreducible curve in the linear 
system \2i — Si — S2 — S3I on P^. Hence a{C) is an irreducible curve in the linear system 
|3£ — S — Si — S2 — S3 — 2S4I and so a{C) = g{d{C)) is a cubic passing through b, bi, 62, &3 
which is nodal at 64. The lemma is proven. □ 

For our synthetic construction of B we will start with a nodal cubic Fi C and will 
denote its node by Ag G Fi. Pick four other points on Fi and label them Ai, A2, A3, At. 
For generic such choices there is a unique smooth cubic F which passes through the points 
Ai, A2, A3, Aj, Ag and is tangent to the line (AjAi) at the point Ai for i = 1,2,3 and 8. 
Consider the pencil of cubics spanned by F and Fi. All cubics in this pencil pass through 
Ai, A2, A3, Ai, As and are tangent to F at A^. Let ^4,^5,^0 be the remaining three base 
points. Each cubic in the pencil intersects the line N2 := {AjAg) in the same divisor 
Aj + 2 As G Div(A^2)- Therefore there is a reducible cubic F2 = A^2 U O2 in the pencil. 
Generically O2 will be a smooth conic as depicted on Figure H. By Lemma |4.2| there is a 





O2 Fi 


















-Wa 


N2 









Figure 4: The pencil of cubics determining B 
birational involution a of P^ corresponding to F with b = A-j. Note that by construction 
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bi = Ai for i = 1,2,3 and 64 = Ag. By Lemma J^(ii) we know that a{02) is a nodal 
cubic with a node at A^ which passes through ^1,^2, A3 and A^. Since the involution a 
fixes A^jA^jAq e r it also follows that a{02) contains A^, A^, Aq. The intersection number 
a{02) with Fi is therefore at least 6 + 2 ■ 2 = 10 and so a{02) = Ti. Moreover a collapses 
A^2 to Ag. This shows that a preserves the pencil. 

We define B to be the blow-up of at the points Ai, i = 1, . . . ,8 and the point Ag 
which is infinitesimally near to A^ and corresponds to the tangent direction A^2- The pencil 
of cubics becomes the anticanonical map (3 : B ^ F-^. The reducible fibers are fi = UiU Oi, 
i = 1,2 where n2, 02 are the proper transforms of N2,02, oi is the proper transform of Fi 
and ni is the proper transform of the exceptional divisor corresponding to Ag. In order to 
conform with the notation in Section |^ we denote by for i = 1, . . . ,7 and 9 the exceptional 
divisors corresponding to A^, i = 1, . . . ,7 and 9 and by eg the reducible divisor eg + rii. 

The involution a : lifts to a biregular involution as '■ B B. The induced 

involution rpi of P^ has two fixed points 0, cxo G P^. One of them, say 0, will be the image 
/3(F). We will use eg as the zero section e : P^ ^ i?. Note that {—l)%ei = a%ei for z = 1, 2, 3 
and so we can take C = Ci. 



5 Action on cohomology 

First we describe the action of the automorphisms (— 1)^, cxb-, tc, and tb on H*{B,'L) 



5.1 Action of (— 1 



B 



From the discussion in section it is clear that (— 1)_b preserves the fibers oi 5 : B ^ ¥^ 
and exchanges the two components of the six singular fibers of 5 which are unions of two 
rational curves meeting at a point. Furthermore from the description of as a blow-up of 
P^ at nine points (see section ^]^) it follows that the class of the fiber of 5 is £ — 67. Hence 
(— 1)b(£ — 67) = £ — 67 and (—1)^(61) + 6, = £ — 67 for z = 1, ... ,6. Also, by the same 
analysis we see that (— 1)b preserves rti and n2 and since (— 1)b preserves / by definition, 
it follows that (— 1)b preserves oi and 02 as well. Similarly (— 1)_b preserves eg by definition 
and so (— l)|j(e8) = (— l)g(eg + rii) = eg + rii = eg. Finally we can solve the equations 
(-l)|j(£ - e7) = £ - e7 and (-1)^(02) = 02 to get (-1)b(£) = / + £ - 2e7 + eg + eg and 
(-l)^(e7) = / - e7 + eg + eg. 

5.2 Action oi as 



Again from the analysis in section [4.2| and the geometric description of B/as and its Weier- 
strass model Wm we see that preserves the classes of the fibers of the two fibrations 
^ : 5 ^ pi and 5 : 5 ^ pi. In particular we have a|j(/) = /, a|j(£ - e7) = £ - e7 
and ct^(eg) = eg. Also as interchanges oi and 02 and hence interchanges rii and 77-2. From 
the relationship between the ramification divisors defining Wm and Q we see that as will 
exchange the two components of the three singular fibers of 5 corresponding to the three 



26 



intersection points in X fl Tq, i.e. asi^j) + = i — e-r for j — 1,2,3. Similarly as will 

preserve the two components of the singular fibers of 6 corresponding to the three inter- 
section points in T fl Too, that is «^(ei) = Cj for i = 4,5,6. Finally, solving the equations 
— ej) = i — 67 and a^(oi) = 02 we get a%{i) — 3i — ei — 62 — — 2e7 — eg and 

0^5(67) = 2^ - d - 62 - 63 - 67 - 68. 

5.3 Action of t*^ 

By definition we have = /. In order to find the action of on the classes we will 

use the fact that is defined in terms of the addition law on : — > P^. 

Since preserves each fiber of /3 : S — > P^, the curve t*^{ni) will have to be either rii or 
oi. But C — ^1 ^iid so C • ^1 = and C • oi = 1, so since nf is the identity component of the 
disconnected group nf U of = (rii U Oi) — (ni n Oi), we must have f^irii) — Oi. In the same 
way one can argue that t^{n2) = 02 and t^(oj) = rij for i = 1,2. 

Next note that since is compatible with the group scheme structure of 5* we must 
have t*^{^) = Ci([^] — [(]) for any section ^ of /5. Using this relation we calculate: 

t^(ei) = ci([ei] - [ei]) = eg, 

^^(69) = Ci([69] - [61]) = (-1)b([6i]) = £ - 61 - 67, 

which in turn implies ^^(eg) = ^^(eg + rii) = £ — 61 — 67 + Oi = / + £ — 61 — 67 — 63 + 6g. 

The previous formulas identify cohomology classes in H^[B, Z) or equivalently line bun- 
dles on B. However observe that the above formulas can also be viewed as equality of 
divisors, due to the fact that the line bundles in question correspond to sections of j3, and 
so each of these is represented by a unique (rigid) effective divisor. 

Also since the addition law on an elliptic curve is defined in terms of the Abel-Jacobi 
map we see that for a section ^ of the restriction of the line bundle Ci([^] — [61]) eg) 
to the generic fiber of j3 will be the same as the restriction of Ob{^ — Ci)- By the see-saw 
principle the difference of these two line bundles will have to be a combination of components 
of fibers of (3, i.e. 

tliO = ci([e] - [61]) = e - 61 + 69 + aim + + a^f. 

Intersecting both sides with rii and taking into account that {f^^y^rii) = Oi we get Oi ■ = 

■ ni + 1 — 2af . Similarly when we intersect with n2 we get 02 ■ C = C ■ n2 + I — 2a|. In 
particular since for i = 2, . . . , 6 we have Ci ■ rii — Ci ■ n2 — and 6^ • oi = 6^ • 02 = 1 we get 
al* = al' = and so i^(6i) — ei — ei + + a^'/. Using the fact that (^^(6^))^ = — 1 we find 
that a^' — 1 and thus 

tliei) = ei-ei + eQ + f 

for i = 2, . . . ,6. 
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Finally, for 67 we have 67 ■ ni = 67 ■ 02 = and 67 ■ 722 = 67 ■ Oi = 1 and so ^^(67) = 67 — ei + 
eg + n2 + a*^^/. From (^^(ey))^ = —1 we find a*^^ = and therefore ^^(67) = 67 — ei + eg + 722- 

This completes the calculation of the action of on H'^{B, Z). The action of is easily 
obtained since by definition we have = o i^- 

All these actions are summarized in Table |l] below. 





(-I)b 








/ 


/ 


/ 


f 


f 


ei 


£ — ci — 67 


eg 


£ — 61 — 67 


eg 


Cj, 


i — Cj — 67 


/ + 6j - 61 + 6g 


£ — Cj — 67 


/ - 6j + 61 + 6g 


J = 2,3 












£ - Ci - 67 


/ + 6i - 61 + 6g 


ei 


f-i + e,+ 


z = 4,5,6 








+61 + 67 + 69 


e? 


/ - 67 + 68 + eg 


£ - 61 - 68 


2i - (61 + 62+ 

+63 + 67 + 68) 


£ - 62 - 63 


es 


eg 


/ + ^ + eg- 

-61 - 67 - 68 


£ - 67 - 68 


/-^ + ei + 
+67 + 68 + 69 


eg 


eg 


£ — 61 — 67 


eg 


ei 




^ + /- 


2/ + 2£-36i- 


3i - (61 + 62+ 


2/ + 2(6i+6g)- 




-267 + e8 + 69 


-67 - 68 + 269 


+63 + 267 + 68) 


-(e2 + e3) + 67 



Table 1: Action of (— 1)b, as, and tb on H'{B,Z) 



6 The cohomological Fourier-Mukai transform 

For the purposes of the spectral construction we will need also the action of the relative 
Fourier-Mukai transform for j3 : B ¥^ on the cohomology of B. By definition the Fourier- 
Mukai transform is the exact functor on the bounded derived category D^{B) of B given by 
the formula 

FMb ■■ D\B) ^ D\B) 

^-R'ViM^^^b). 

Here pi,P2 are the projections of B Xpi B to its two factors, and Vb is the Poincare sheaf: 

Vb ■■= Cb(A - e xpi B - B xpi e - g*Opi(l)), 

with q = f3 o pi = f3 o P2. Using the zero section 6 : ^ 5 we can identify B with the 
relative moduli space M.{B/F^) of semistable (w.r.t. to a suitable polarization), rank one, 
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degree zero torsion free sheaves along the fibers of P : B ^ Under this identification, 
the sheaf Vb ^ B Xpi B = B x^i Ai[B/F^) becomes the universal sheaf. This puts us in 
the setting of ||BM] , Theorem 1.2] and implies that FMb is an autoequivalence of D^[B). In 



particular we can view any vector bundle V ^ B in two different ways - as V and as the 
object FMBiV) G D\B). 

The cohomological Fourier-Mukai transform is defined as the unique linear map 

fmB:H'{B,Q)-^H'{B,Q) 

satisfying: 

(6.1) fmBoch = cho FMb- 



Explicitly, 



/ms(x) = pr2,(pr*(x) ■ ch^j^V) ■ td{B x B)) ■ td{By\ 



where pr^ are the projections of -B x to its factors and j : B x^i B "-^ B x B is the natural 
inclusion. 

We will need an explicit description of the cohomological spectral involution 

tB := fm]^^ oT*^o fruB- 

For this we proceed to calculate the action of frriB and fnn^ in the obvious basis in 
cohomology. 

Let pt G H'^lB, Z) denote the class Poincare dual to the homology class of a point in B 
and let 1 G H^{B, Z) be the class which is Poincare dual to the fundamental class of B. The 
classes 1, /, ei, . . . , eg, pt constitute a basis of H*{B, Q). 

To calculate /m^ we will use the identity (|6.1| ) together with a calculation of the action 



of FMb on certain basic sheaves, which is carried out in Lemma |6Tl| below. 

The first observation is that there are two ways to lift a sheaf G on to a sheaf on B. 
First we may consider the pullback (5*{G). Second, for any section ^ : ^ i? of /3 we may 
form the push-forward ^^G. These two lifts behave quite differently. For example, if G is a 
line bundle, then j3*G is a line bundle on S, whereas ^^G is a torsion sheaf on B supported 
on ^. The action of FMb interchanges these two types of sheaves (up to a shift): 

Lemma 6.1 For any sheaf G on P"*^ and any section ^ of (3 we have: 

FMb{P*G) = e,(G ® Opi(-l))[-l] 

FMBi^.G) = P*G ® Ob{^ - e) ® P*Opi{-e ■ ^ - 1), 

where as usual for a complex K' = (i^'*,^^) and an integer n & Z we put K*[n] for the 
complex having {K[n]y = 7^"+* and dxin] = (— l)"'^x- 
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Proof. By definition we have FMb{P*G) = Rp2*ij>*iP*G ® P^). But /? o = /3 o and 
so by the projection formula we get FMb{(5*G) = Rp2*{p*2(3*G ® P^) = (3*G O Rp2*'Pb- In 
order to calculate Rp2*'Pb, note first that Rp2*'Pb is a complex concentrated in degrees zero 
and one since p2 is a morphism of relative dimension one. Next observe that R^P2*Vb = 0. 
Indeed, by definition Vb is a rank one torsion free sheaf on i? Xpi B, and so R^P2*Vb must 
be a torsion free sheaf on B. On the other hand, from the definition of Vb we see that both 
R^P2*'Pb and R^P2*Vb are torsion sheaves on B whose reduced support is precisely e C B. 
Therefore R^P2*'Pb is torsion and torsion free at the same time and so R^P2*Vb = . This 
implies that Rp2*Vb = -R^P2*'Pb[— !]• Now, since R^P2*Vb = we can apply the cohomology 
and base change theorem [par77| . Theorem 12.11] to conclude that R^P2*'Pb has the base 
change property for arbitrary (i.e. not necessarily fiat) morphisms. In particular considering 
the base change diagram 

B = B Xpi >- B Xpi B 

Pi^ ^ ^B 

we have that 

e*R'p2.VB = R'P*{VB\Bx,^e) = R'P*Ob = W^OUb/F^^ 

= moBi-f) ® p*o{2))y = Opi(-i). 

Since e C -B is the reduced support of R^P2*Vb and {R^P2*'PB)\e is a line bundle, it fol- 
lows that e C -B is actually the scheme theoretic support of R^P2*Vb and so R^P2*Vb = 
e^,Of>i{—l), which finishes the proof of the first part of the lemma. 

Let now C : P^ ^ 5 be a section of (3. Then FM"b(^*G') = Rp2*{,Pli*G ®V b) ■ But p^^G 
is a sheaf omBx^iB supported on ^ x pi i? C BxpiB and is in fact the extension by zero of the 
sheaf P*G on B = x^iB. Moreover by definition we have P_b|^Xj,i_b = — e — (e-^ + 1)/). 
Taking into account that p2 : ^ Xpi B ^ B is an isomorphism, we get the second statement 
of the lemma. □ 

With all of this said we are now ready to derive the explicit formulas for /m^. First, 
observe that ch{OB) = 1 and so by (|6.1| ) and Lemma |6.1| we have 

fruBil) = ch{FMBiOB)) = ch{FMBi(3*Opi)) 

= c/i(e,(Opi(-l))[-l]) = -c/i(e,(Opi(-l)). 

But from the short exact sequence of sheaves on B 

^ OBi-e - /) ^ OBi-f) ^ e,Opi(-l) ^ 

we calculate 

c/i(e,(Opi(-l)) = ch{OB{-f)) - ch{OB{-e - /)) 

= (l-/ + 0-pt)- (^l + (e-/) + ^pt 

= e-ipt. 
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In other words fmB{l) = — e + (1/2) pt = —eg + (1/2) pt. 

Next we calculate fmB{p^)- Let t G be a fixed point. Then pt = ch{Oe{t)) = ch{e^,Ot 
and so 

fruBivt) = ch{FMB{e.Ot)) 

= Ch{0f) = ch{OB) - ch{OB{-f)) 
= l-(l-/ + 0-pt) = /. 

To calculate frriB^f) note that ch{OB{f)) = 1 + / and so 

frriBif) = ch{FMB{OB{m - /ms(l) 

= ch{FMB{l3*0^i{l))) - frriBil) 

= ch{e,Opi [-1]) - (^-e + ^ pt 
= -[ch{OB) - chiOBi-e))] + e - ^ pt 



1- I 1-e-ipt 



+ e-ipt 



= -pt. 

Finally we calculate fmB{ei). If i = 1, . . . , 7, the class Cj is a class of a section : — > i? 
of P and so we can apply Lemma |6]l| to Osi- We have ch{OeJ = + (1/2) pt and hence 

fmsiei) = ch{FMB{Oe,)) - ^/^^(pt) 

= ch{FMB{ei,0^i)) - ^/mB(pt) 

= cMOB(e.-e9-/))-i/ 

= 1 + (ci - eg - /) -pt-^/ 
3 

= 1 + (Ci - eg - -/) - pt . 

For eg we get in the same way 

fmB{e,) = ch{OB)-\f = l-\f, 

and so it only remains to calculate frriB^es)- 

Unfortunately we can not use the same method for calculating fmsies) since eg is only a 
numerical section of (3 and splits as a union of two irreducible curves eg = eg + ni. However, 
recall that the automorphism ub '■ B ^ B moves a section to a section. Consequently ^^(er) 
will be another section of j3. Let a : P^ — -B denote the map corresponding to ^^(ey). Then 

ch{OaB{ej)) = ch{OB) " ch{0 b{- Oi Bicj)) = ^^(er) + ^ pt • 
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Thus 

fniBiaBie-r)) = ch{F M B{a,0^.)) -\f = ch{OB{aB{e-j) - eg - (eg ■ ^^(er) + 1)/) - 
But according to Table [| we have eg ■ ^^(ey) = eg ■ (2£ — ei — e2 — es — ey — eg) = and so 



fniBiaBiej)) = 1 + aB{er) - eg - -/ - pt , 



In terms of eg this reads 



2fmB{i) - fruBies) = 1 + 2£ - ^ e^ - er - eg - eg - -/ - pt +/mB(^ d + 67) 



i=l 
3 



1=1 



1 + 2£ - ^ ei - er - eg - eg - -/ - pt + 



i=l 



+ (4 + ^ei + e7-4e9-6/-4pt 
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= 5 + (2£-y/-e8-5eg)-5pt. 

Also from frriB^f) = — pt we get 

3/mB W - /mB(e8) = 8 + (3£ - 12/ - eg - 8eg) - 8 pt . 
Solving these two equations for fmB{e%) results in 



fniBies) = 1 + (eg - eg - -/) - pt, 

which completes the calculation of /m^. 

In summary, the action of t and the auxiliary actions of /m^ and fm]^ are recorded 
in tables H and respectively. 





frriB 




1 


-eg + 1 pt 


eg + i pt 


pt 


/ 


-/ 


/ 


-pt 


pt 


e^. 


1 + ei - eg - |/ - pt 


-1 + ej - eg - |/ + pt 


i ^ 9 






eg 




-1 - if 



Table 2: Action of the cohomological Fourier-Mukai transform 
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tn 


1 

1 


1 
1 






f 

J 






2/ + 2e9 - ej - 2 pt 


J = 1,2,3 






2/ - £ + 2e9 + 67 + - pt 


i = 4,5,6 




67 


/ + ^ - ei - 62 - 63 + eg - pt 




2/ - ^ + 269 + 67 + eg - pt 


eg 


eg 




5/ - 6i - 62 - 63 + 67 + 569 - 3 pt 



Table 3: Action of fm^ ° o f'rriB on cohomology 

7 Action on bundles 

In this section we show how the cohomological computations in the previous section hft to 
actions of the Fourier- Mukai transform FM b and the spectral involution Tb '■= FM~j^oTgO 
FM B on (complexes of) sheaves on B. Recall that the Chern character intertwines FMb 
and fniB'- fmB o ch = cho FMb- Similarly, it intertwines Tb and t^- tB o ch = ch o Tb- 
Note that the Fourier-Mukai transform of a general sheaf ^ on i? is a complex of sheaves, 
not a single sheaf. Nevertheless, all the sheaves we are interested in are taken hj Tb again to 
sheaves. To explain what is going on exactly we will need to introduce some notation first. 
Put Ci : D''{B) — »• Pic(i?) for the first Chern class map in Chow cohomology. In combination 
with Tb, the map ci induces a well defined map 

(7.1) Vic{B) Coh(5) C D\B) ^ D\B) % Pic(5), 

where Vic{B) denotes the Picard category whose objects are all line bundles on B and whose 
morphisms are the isomorphisms of line bundles. Since is an autoequivalence, the map 
1|) descends to a well defined map of sets 

Tb ■- Pic(5) = 7ro(Pic(5)) ^ Pic(fi). 

If we identify Pic(-B) and iJ^(i?,Z) via the first Chern class map, we can describe Tb 
alternatively as Tb(-) = [tB(exp(ei(-)))]2 G H^{B,Z). 

Denote by Pic'^(5) C Pic(5) the sub group generated by / and the classes of all sections 
of P that meet the neutral component of each fiber. A straightforward calculation shows 
that Pic^(-B) = Span(/, 6g, {/ + 6j — 61 + 6g}f^25 ^67 — es + 2/) (note that / + 6j — 61 + 6g is 
the class of the section [ci] — [ei] and 267 — 63 + 2/ is the class of the section 2(67]) and that 
Span(oi, 02)^ = Span(69, {ci — 6i}f^25 ^ — e7 — 26i, 2i — eg — 46i). In particular Pic^(-B) is a 
sublattice of index 3 in Span(oi, 02)"*". With this notation we have: 
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Theorem 7.1 Let L be a line bundle on B. Then 

(i) The complex Tb{L) E D^^'^^(B) becomes a line bundle when restricted on the open set 
B — (oi U02). More precisely, the zeroth cohomology sheaf liP {T b{L)) is a line bundle 
on B and the first cohomology sheaf IH} {T b{L)) is supported on the divisor 01 + 02- 

(ii) The map Tb satisfies 

Tb{L) = t*b{L) ® Ob{{ci{L) ■ (e - C))/ + (ci(L) . / + l)(e - C + /))• 

(iii) For every L G Pic'^(-B) the image Tb{L) is a line bundle on B and so 

Tb{L) = rUL) ® Ob{{c,{L) ■ (e - C))/ + (ci(L) . / + l)(e - C + /))• 

In particular Tb : Pic^(5) ^ (Pic'^(fi) + (e - C + /)) C Pic(5) is an affine isomor- 
phism. 

Proof. The proof of this proposition is rather technical and involves some elementary but 
long calculations in the derived category D^[B). 

Since Tb = FM~j^ °'Tb ° FMb we need to understand FM~j^. The following lemma is 
standard. 

Lemma 7.2 The inverse FM^ of the Fourier-Mukai functor FMb is isomorphic to the 
functor 

Db o FMb o Db ■■ D\B) D\B), 

where Db is the (naive) Serre duality functor Db{F) := R'T-Com{F,ujB) with ujb being the 
canonical line bundle on B. 



Proof. It is well known (see e.g. ||Url97| , Section 2]) that FMb has left and right adjoint 



functors FM*^ and FM'g which are both isomorphic to FM~q". Furthermore, these adjoint 
functors can be defined by explicit formulas, see [Prl971 , Section 2], e.g. the right adjoint is 
given by: 

FM'b{F) = RwuivAF ®V''))®ujb[2]. 

Here pr^ : B x B ^ B are the projections onto the two factors, V —>■ B x B is the extension 
by zero of Vb and K"^ := R*T-Com{K,OBxB)- Using e.g. the formula for the right adjoint 
functor, the relative duality formula ||Har66|| and the fact that ub is a line bundle, one 
calculates 

FM-BiF) = i?pri,(pr;F S P^)®^;^^] 

= i?pri,((pr;F O P^) ® pr; Ub[2](^p4 cj^^) ® cj^ 

= i?pri,(pr;(F® cj;b^) |) V"^ p4ujb[2]) ub 

= (i?pri,(pr;(F^ ® cub) & Vf ® ujb 
= {FMB{DB{F))y ®ub 
= DboFMboDb{F). 
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which proves the lemma. 



□ 



Next observe that Pic(i?) is generated by all sections of (3. Indeed Pic(i?) is generated 
by i and Ci, 62, • • • ,eg. The divisor classes ei, . . . ,67 and eg are already sections of /3. Also 
asiei) = £ — ei — eg is a section and so i is contained in the group generated by all sections. 
Furthermore, aeley) = 2£ — ei — e2 — ea — ey — es is a section and so eg is contained in the 
group generated by all sections. 

In view of this it suffices to prove parts (i) and (ii) of the theorem for line bundles of the 
form L = ObCZI ^i^i) where ai eZ, and are sections of [3. 

Put Vo := e,,Opi(— 1). Consider the group Ext^(Vo, Ob) oi extensions of Vq by Ob- 

Since e^ = —1 we have Vo = e*e*(9B(e) and so Vo fits in a short exact sequence 

(7.2) ^ Ob ^ OB{e) ^ Vo ^ 0. 

In particular we have a quasi-isomorphism [Ob C^B(e)]^Vo where in the complex 

pB ^ OB{e)l 

the sheaf Ob is placed in degree —1 and Ob^g) is placed in degree 0. Thus we have 

Ext\Vo,OB) = Hom^.(B)(Vo,OB[l]) = Hom^.(B)([OB ^ O^le)], 

= m^{B, [Ob OB{e)Y[l]) = H°(i?, [Osi-e) ^ Ob]), 

where in the complex [Osi—e) —>■ Ob] the sheaf Ob is placed in degree zero. In par- 
ticular we have a quasi-isomorphism [(9b(— e) — > OB]—*e^Opi and hence Ext^iVo, Ob) = 
H^{B, ej.Opi) = C. This shows that there is a unique (up to isomorphism) sheaf Vi which is 
a non-split extension of Vq by Ob- But from (|7.2| ) we see that the line bundle Ob^g) is one 
such extension, i.e. we must have Vi = Ob^g). 

Next consider the group of extensions Ext^(Vi, Cij(/)) = H^iB,V]^ ® 0{f)). By the 
Leray spectral sequence we have a short exact sequence 

^ H\F\ i/Sy^) (g) 0{1)) ^ H\B, ® Oif)) ^ if°(P\ (i?V*Vi^) ® 0(1)) ^ 0. 

But p,(y^) = P,0{-e) = and R^P.iV^) = R^(3,0{-e) = 0(-l). Thus Ext^(Vi, ObU)) = 
H^{F^, O) = C and so there is a unique (up to isomorphism) non-split extension 

0^Ob(/)^V2^Vi-.0. 

Arguing by induction we see that for every a > 1 there is a unique up to isomorphism 
vector bundle Va ^ -B of rank a on i? satisfying /3^,(V^) = 0, -R^/9*(V^) = 0{—a) and 
Ext^(V„, OB{af)) = C is generated by the non-split short exact sequence 

0^OB(a/)^V,+i^V,^0. 

Alternatively, for each positive integer we can consider the vector bundle of rank a which 
is defined recursively as follows: 
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• := Ob, and 

• \l/a+i is the unique non-split extension 

^ OB{af) ^ ^a+l ^ ^ 0. 

The fact that the \l/a's are correctly defined can be checked exactly as above. Moreover 
for each a > 1 Va can be identified with the unique non-split extension 

Let now ^ : ^ i? be a section of (3. The first step in calculating is given in the 
following lemma. 



Lemma 7.3 For any integer a we have 
FM{OB{ai)) 

Proof. By Lemma BTTI we know that FM b{Ob) = e*(9(— 1] which gives the statement 



V-a ® OBi^ - e - (e ■ e + l)/)[-l], fora<0 
® OB{-f) ® OBi^ - e - (e • e + 1)/), fora>0 



of the lemma for a = 0. To prove the statement for a = —1 consider the short exact sequence 
(7.3) ^ OBi-0 ^Ob-^ i.O^^ ^ 

of sheaves on B. For an object K G D^{B) let FM^^{K) denote the z-th cohomology sheaf 
of the complex FM b{K). Since FMb is an exact functor on D^{B) it sends any short 
exact sequence to a long exact sequence of cohomology sheaves. Applying FMb to ( |7.3| ) 



and using Lemma we get 

— ^ FM%{Ob{-0) - : - e - (1 + e • e)/) ^ 

FMl{OBi~0) e.O(-l) 0. 

Thus FM%{OBi-0) = and FM^(Cb(-0) fits in a short exact sequence 
(7.4) OB{-e) ^ FMl{OBi-0) ® (^(-^ + (1 + ^ ■ e)/) ^ e.Opi ^ 0. 

Since ( |7.3| ) is non-split and FMb is an additive functor, it follows that ( |7.4| ) will not split. 

But Ext^(e,Opi,Oij(-e)) = Ext^(e,C»pi (e), Ob) = C as we saw above and therefore we must 
have 

FMb{Ob{-0) = OBi^ - (1 + e ■ e)/)[-l] = Vi ® Ob{^ - e - (1 + ^ ■ e)/)[-l]. 
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Assume that the Lemma is proven for OBi—^O some positive a. Then we have a short 
exact sequence of sheaves on B 

(7.5) ^ Osi-ia + 1)0 ^ OBi-aO ^ ^.O^a) ^ 0. 

Applying FMb to ( [7^) and using Lemma ^]l]we get 

^ F M'^{0{-{a + 1)0) ^ . 0(e - e + (g - 1 - e ■ e)/) ^ 



FMUOi-ia + 1)0) — FMl,(O(-a0) 



0. 



and so again F M^q{0 b{— {a + 1)0) — 0- Furthermore, by the inductive hypothesis we have 
F M^^{0{—a^)) = Va ® Ob{^ — e — (1 + ^ ■ e)/) and so by the same reasoning as above the 
short exact sequence 

-> OBiaf) ^ FMUOBi-{a + 1)0) ® 0(e - ^ + (1 + ^ ■ e)/) ^ V, ^ 

must be non-spht. Since Va+i is the only such non-split extension, we must have 

FMB{OB{-{a + 1)0) = V.+i ® Ob{^ - e - (1 + e ■ e)/)[-l]. 

This completes the proof of the lemma for all a < 0. The argument for a > is exactly the 
same and is left as an exercise. □ 

The next step is to calculate the action of Tb on line bundles of the form Osi^O- 
Due to Lemma |7.2| we have Tb = Db ° FMb ° Db ° ^b ° FMb- Since tb is an 
automorphism of B we have Db o = o Db and so 

(7.6) Tb = {DBoFMB)or*so{DBoFMB). 

To calculate D b{F M b{0 B^a^)) we need to distinguish two cases: a = and a 7^ 0. When 
a = 0, we have Db{{FMb{Ob)) = DB{e^O{—l)[—l]). But as we saw above the short exact 
sequence (lO) induces a quasi-isomorphism 



Ob 
i 

OBie) 



q.i. 



e,0(-l)[-l]. 



Applying duality one gets 
DB{e,0{-l)[-l])-- 



OB{-e) 
[ 

Ob 



Osi-f) 







OB{-e 
I 

Osi-f) 



f) 



e*Opi(-l) 







But for a 7^ the sheaves FM BiOBi^O) locally free and so we get 
DBoFMB{OB{aO)-- 



—a 



(^B(e-e + (^e)/)[l], for a<0 
Vo, for a = 

Va®OB(e-e + (l + e-e)/), fora>0. 
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To apply next we need to calculate r^Va- For this recall that Va is isomorphic to the 
unique non-split extension 

Since tb(/) = / and \E'a is built by successive extensions of multiples of /, it follows that 
r^\l/a = \E'a for every a. So Wa '■= T^Va is the unique non-split extension 

where as before ( = T^(e). With this notation we have 

r ® OBiC - rm + (e ■ e)/)[l], for a < 
r* o o FMBiOBiaO) = < CO^^i-l), for a = 

[m ® Ob{C - r^(0 + (1 + e ■ e)/), for a > 0. 

Now to finish the calculation of TBiOsiaO) have to work out FMBiWa ® Ob{C — 0)) 
and FMBiWa ® C'bIC - 0)) for all a > and all sections : ^ 5 of /?. Again we 
proceed by induction in a. 

Let a = 1. By definition >Vi is the unique non-split extension 

o^oB^m^ c*oi-i) ^ 0, 

and hence Wi = Ob{C) and = Ob{-0- In particular W]^ ® C»b(C - 0) = Cij(-0). 
Consequently by Lemma we get 

FMb W ® (^b(C - 0)) = Vi ® Oij(0 - e - (1 + ■ e)/)[-l] = (9^(0 - (1 + ■ e)/)[-l]. 
Substituting = r^(^) we get 

FMot*soDbo FMBiOBhO) = (^B(r^(0 - (1 + rUO " e - ^ ■ e)/) 

= OB{rU0-a + ^-C-^-e)f). 

Let now a = 2. We have a short exact sequence 

o-^OBif)^m^oBiC)^o 

and so 

(7.7) ^ Ob(-0) ^ ® OsiC - 0) - C?i?(C - - /) ^ 0. 

In particular we need to calculate F M b{0 b{C ~ 0))- For this note that since Cb(C ~ 0) 
is a line bundle which has degree zero on the fibers of the sheaf FM^(Ob(C - 0)) will 
have to be torsion free and torsion at the same time and so FM^^{Ob{C ~ 0)) = (see the 
argument on p. |3D|). Consequently if we apply FMb to the exact sequence 

^ Ob{C - 0) ^ Ob{C) ^ <P.OAC ■ 0) ^ 0, 
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we will get a short exact sequence of sheaves 

^ Ob{C - 2e - 2/) ^ Ob{<P - e - (1 + ■ e - ■ Qf) ^ FM^ObIC - 0)) 0. 

In other words FM]^{Ob{C - 0)) ® Osi^e - 0+(l + 0- e- 0- C)/) = Cd, where D is an 
effective divisor in the linear system — C + e + (l — 0-e + 0- C)/)l- 

To understand this linear system better consider the section /x : 5 for which 

[/i] = [0] — [C] in MW(i?, e). Then as in section ^ we can write 

- C) = C'bI/U - e + a/ + 6ni + ens). 

Taking into account that /x ■ = 1 — ■ rij and that /x^ = — 1 we can solve for a, h and c to 
get 

a = — 1 + 0- e — 0-C + 0-''^i + 0- b = —0 ■ 111, c = —0 ■ n2, 

which yields 

Ob(0 - C + e + (l-0-e + 0- Of) = Ob^Ii + (0 ■ ni)oi + (0 ■ 712)02) 

= Cb(/x + (/i ■ Oi)oi + (/X ■ 02)02). 

Therefore, the numerical section + (0 ■ ni)oi + (0 ■ ^2)02 is the only effective divisor in the 
linear system |Cb(0 — C + e+(l — 0-e + 0- C)/)l ^'^^ so -D = /x + (0 ■ riijOi + (0 ■ n2)o2 as 
divisors. Note that the fact that is a section implies that ■ is either zero or one, and 
so D is always reduced. 

This implies FMb{Ob{C - 0)) = ^d.Od ® OB{(t) - e-(l + 0- e- 0- C)/)[-l], where 
iB, : D B is the natural inclusion. Next note that by definition of FMb we have 
FMb{K (g) 13* M) = FMb{K) ® [3*M for any locally free sheaf M Thus 

FMb{Ob{C, -<p-f)) = zd.Od ® Ob{<P - e - (2 + ■ e - ■ C)/)[-l]- 
We are now ready to apply FMb to (|7.7|) . The result is 

^ ^ 5° ^ ^ 

^ Ob(0 - (1 + ■ e)/) ^D.^hOB{<P - e - (2 + ■ e - ■ C)/) 0, 

where := FM'b{)A^^ ® Ob(C - 0)). 

Writing C := ^^(-e - (1 - ■ Qf) and J^^ := 5^ O Cb(-0 + (1 + ■ e)/), we find a 
non-split short exact sequence 

(7.8) Ob ^ ^ tD-Xo^ ^ 0. 

Next we analyze the space of such extensions. We want to calculate 

Ext\tD*t*D^, Ob) = HomBt^B){w*DjC, Ob[1]) = H°(5, («^,«^£)^[1]). 
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As before, after tensoring the short exact sequence 



^ Ob{-D) -^Ob^ id*Od ^ 
of the effective divisor D by £ we get a quasi-isomorphism 

-1 



C{-D) 

i 
C 



q.i. 







and so 



i 



iD.Trj,{c\D)). 







In particular Y.x.t\iD.i*DC,OB) = H%B,iDJhi^'' iD))) = H^{D,i}j{C'^ (D))). Since D is 
a tree of smooth rational curves, the dimension of the space of global sections of the line 
bundle i*j-,{C'^{D)) will depend only on the degree of C'' {D) on each component of D. But 
D — 11 + {(p ■ ni)oi + (0 • 712)02 — 11 + {/I • Oi)oi + {/I ■ 02)02 and since is a section of (3 we 
know that • is either or 1. We can distinguish three cases: 

(a) iJ, ■ Oi — iJ, ■ 02 — 0, i.e. e Pic^(S) and D — ji] 

(b) 11 intersects only one of the Oj's, i.e. D is the union of fi and that o^; 

(c) ^ ■ oi — ^ • 02 — 1 and so D = // + oi + 02. 

Also since D is hnearly equivalent to0 — C + e + (l — 0-e + 0-C)/'we find 

C ■ II — —1, C ■ Oi — jC • 02 — 0. 
This gives the following answers for Ext\iDJ*DJ^,OB): 



On and so 



in case (a) : Since D = fx we have {C'^{D))\d = = 0^(1) ® O^i-l] 

E^t%^^C, Ob) = H\ii, O^) = C. 

in case (b): Say for concreteness fi-Oi = 1 and fi-02 = 0. Then D = fi+Oi is a normal crossing 
divisor with a single singular point {x} = /xfloi. Then {£"^{0))^^ = = Cj^(l) and 

= Oo, ® = Hence {C'^{D))id is the line bundle on D obtained 

by identifying the fiber (C^(l))^ with the fiber {Oo,{-l))x- Since i/"(C„, (-1)) = it follows 
that Ext^ {i£)^,i})C, Ob) = H'^{D, {C^{D))\b,) can be identified with the space of all sections 
of O^il) that vanish at a; G /x, i.e. we again have Ext^(i/5*i^>C, Ob) = C 

in case (c): The divisor D = + Oi + 02 is again a normal crossings divisor but has now 
two singular points Xi and X2, where {xj} = Pi Oj for i = 1, 2. In this case we have 
{C^{D))\n = 0^(2) and {C'^iD))^^. = Hence Ext\iD*i*D^,OB) gets identified with 
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the space of all sections in 0^(2) vanishing at the points Xi and X2 and is therefore one 
dimensional. 

In other words we always have a unique (up to isomorphism) choice for the sheaf J-". In 
fact, it is not hard to identify the middle term of the non-split extension ( |7.^ ). Indeed, let 
o := D — fi he the union of the vertical components of D. We have a short exact sequence: 

^ H\o, Ooifi)) ®Oo^ Ooifi) ^ 0. 

When we pull it back via 

Osifi) ^ a(/i) 

we get a non-split sequence 

^ Ooi-fi) ^T' ^ Osifi) ^ 0. 

Since we have already seen that such an extension is unique, we conclude that JF' = J^. 
We have shown that FM B{yV2 ® ^b{C — is a rank one sheaf on B such that: 

• The torsion in FMsiy^l O Ob(C - 0))[1] is Oo(-/i)- 

• FMBiy^l ® Cij(C - 0))/(torsion) = 0^(20 - C + e + (0 ■ C - 20 ■ e)/ - o). 

• The sheaf i^7Vfs(VV^ ® C^b(C ~ 0))[1] is the unique non-split extension of the line 
bundle 0^(20 — C + e -|- (0 ■ C ~ 20 • e)/ — o) by the torsion sheaf Oo(— /i). 

Let a = 3. Then the short exact sequence 

^ Ob{V) ^ W3 ^ W2 ^ 

induces a short exact sequence 

^ n;v ^ Ob(C - 0) ^ ® Ob{C, - 0) ^ Ob(C - - 2/) ^ 0. 

Applying FMb one gets again that FM%{WI®Ob{C,-<^)) = and FM]^(}V^ ®Ob{C-<P)) 
fits in the non-split short exact sequence 

(7.9) ^ FM^W^C - 0)) ^ FM'BiWUC - ^ FM^OiC - 0)) ® ^(-2/) ^ 0. 

Now recall that 

FMb{Ob{C - 0)) = 2d*21,Ob(0 - e - (1 + ■ e - ■ C)/), 
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where D = /i + (/i • oi)oi + (/i ■ 02)02 is the unique effective divisor in the hnear system 

|0B(0-C + e + (l-0-e + 0-C)/)|. 
In particular we have 

/i-e = 0- e — 1 + 1 — 0-e + 0- C = 0- C 

fi-( = (j)-( + l + l — (l)-e + (f)-( — fi-oi— fi-02 = 2 — (f)-e + 2(f)-( — fi-oi— fi-02 
/i ■ = -1 - ■ C + ■ e + 1 - ■ e + ■ C - (/i ■ ■ Ol) - (/i ■ O2)(0 ■ 02) = 0, 

and hence 

z;0B(0-e-(l + 0-e-0-C)/) = OM(-l-0-e). 

We are now ready to calculate FM b{Ob{C ~ 0)) ® C^(~2/) for the three possible shapes of 
the divisor D. 

Case (a) D = /i and so FMb{Ob{C - 0)) ® 0{-2f) = 0^(-3 - ■ e). Furthermore we 
showed that in this case we have FM]^{W^{C - 0)) = Os(20 - C + e + (0 ■ C - 20 • e)/) and 
so after twisting (|7.9|) by 0^(20 — C + e + (0 • C ~ 20 ■ e)/)~^ we get a non-spht short exact 
sequence 



where 



and 



^ Ob ^? ^ 0,{a) 0, 



FMliWUC - 0)) ® Ob{2<P - C + e + (0 ■ C - 20 ■ e)f)-\ 



a = -3-0-e + /i - (-20 + C- e-(0-C-20- e)/) = -1. 
Therefore we must have ? = Ob{ij) = Ob{(P — C + e + (l — 0-e + 0- Of) and so 
FMliW^iC - 0)) = Ob(30 - 2C + 2e + (1 - 30 ■ e + 20 ■ Qf). 

Case (b) In this case fi intersects exactly one of the Oj, say oi. Then D = fi + oi and so 
FM^(Cb(C-0))®Ob(-2/) = C^.(-3-0-e)U^Ooi Moreover the torsion in FM]^{W^{C~ 
0)) is OoA-l) and FMy>V2^(C - 0))/(torsion) = 0^(20 - C + e + (0 ■ C - 20 ■ e)/ - Oi). 
Tensoring ( |7.9| ) with Oo-^ and taking into account the fact that -FiVf]j(W^(C — 0))|oi = 
® Coi we get a long exact sequence of Tor sheaves 

.Ob 



TorY^{0^{-3 - ■ e) U,. q,, q J ^ 



c2 ® — - FM],iwuc - 0))ioi a, 0. 

Next we calculate Torf^{0^{-3 - ■ e) q,, qj. 
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Lemma 7.4 rorf^(C)^(-3 - • e) Oo„OoJ = 

Proof. Recall that for any integer a we have the following short exact sequence of sheaves 
on B : 

^ ai(-l) ^ Oo, ^ 0^(a) ^ 0. 

Tensoring this sequence with Oqi we obtain a long exact sequence of Tor sheaves: 

rorf"(a,(-l), qj ^ Torf'^iO^ia) U, 0,,,0,,) ^Tor?'^ {0,{a), qj 



Ol 



0. 



In order to calculate the sheaves Torf^((9oi(— 1), ^oj and Torf^((9^(a), OoJ recall that we 



have Tor^^{K,M) = n-'{K ®Ob M) for any two objects K,M e D\B). Now note that 
Oo^{-l) = ® Ob{-IJ>) and that 



o 1^- 



Cs(-oi) 

i 

Ob 



-1 




Osiaf-ii) 

I 



-1 




and so 



q.i. 



Ol 



Similarly 



i 

i 

Ob 



Ob{-2o,) 
i 

Ob{-0i) ® Ob{-0i) 
i 

Ob 



-1 (8) Ob (a/). 


-1 




Consequently rorp(C»oi(-l), C^J = rorp(0^(a), C»<,J = for all i ^ 0. This proves the 
lemma. □ 

The previous lemma implies that FM\{y^l{C^-(\))\^ = C^^Oo, and that FM]^{W^ {(-(p)) 
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fits in the commutative diagram 




t 







- Ob(20 - C + e + (0C - 20e)/ - 2oi) 



? Cm(-4 - 0e) 



I t 



-FM^(W2^(C-0)) 



FM],{W^ iC - 0)) - (^/.( -3 - 0e) - 



t 




-C2®0, 



C^(g)Oo, -Ooi -0 



t 









where ? is a non-spht extension of (9^ (—4 — 0e) by Ob {2(f) — ( + e + {(f)( — 2(f)e)f — 2oi). 
This imphes that ? = Oij(20 - C + e + (0C - 20e)/ - 3oi) and that FMl{W^{C - 0)) fits 
in a short exact sequence 

^ Ob(30 - 2C + 2e + (1 + 20C - 30e)/ - 3oi) ^ FM^(W3''(C - 0)) ^ ® ^ 0. 

In particular we see that the torsion in FM^^{W^ {C "0)) is supported on oi. 

The same reasoning apphed to the restriction of (|7.9|) to /i instead of Oi imphes that 
FM^ >V3^(C - 0))/(torsion) is isomorphic to the fine bundle Oij(30 - 2C + 2e + (1 + 20C - 
30e)/ - 2oi). Since Oij(30 - 2C + 2e + (1 + 20C - 30e)/ - 2oi)|oi = C'oi(2) we conclude 
that the torsion in FM^^(W^ (C ~ 0)) is isomorphic to the kernel of the natural map 
Oo^ = H^{oi, C>oi(2x)) (g) Co, Coi(2x) = Coi(2). In particular we see that the torsion in 
FM^^{yV^ {C — 0)) is a rank two vector bundle on oi, which has no sections and is of degree 
—2, i.e. is isomorphic to (9oi(— 1) © Coi(— 1). 

Case (c) In this case D = fi + oi + 02- An analysis, analogous to the one used in case (b), 

now shows that the torsion in FAl'^^iW^iC - 0)) is isomorphic to Ooi(-l)®^ © C'oal-l)®^ 
and that FM]^(yV^{( - 0))/ (torsion) is isomorphic to the line bundle Ob(30 - 2C + 2e + 
(l + 20C-30e)/-2oi -202). 

Continuing inductively we get that for every a > 1 the object FM"b(VV^® Cs(C — 0))[1] 
is a rank one sheaf on B such that 

• The torsion in FMBiyVa ® ^-b(C ^ 0))[1] is isomorphic to 



(In this formula it is tacitly understood that the direct sum of zero copies of a sheaf is 
the zero sheaf.) 

• The sheaf FMsiyVa ® ^b(C ~ 0))[1]/ (torsion) is isomorphic to the line bundle 



OB(a0 - (a - 1)C + (a - l)e + ((a - 2) + (a - 1)0 ■ C - a0 ■ e)f 
- (a - 1)(0 ■ ni)oi - (a - 1)(0 • ^2)02). 
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Now by substituting (j) = t^{$,) in the above formula and by noticing that D{OoX~^)) — 
we obtain 

H°TB(0B(-aO) = 

= OB{T*^{-aO + ((-<) ■ (e - 0)/ + (1 - a)(e - C + /) 
+ (a-l)(e-oi)oi + (a-l)(e-02)o2), 

for all a > 1. We have already analyzed the case a = above and so this proves the theorem 
for L = Ob{—ciO a > 0. The cases L = OsiaO with a > or L = OBiJ2^i^i) with 
different ^j's are analyzed in exactly the same way. □ 



Remark 7.5 (i) The calculation of Tb{L) in the proof of Theorem |7.1| works equally well 
on a rational elliptic surface in the five dimensional family from Corollary p.6| (with the 
choice of ( as in Remark |3.7| ). Since in this case Pic^(-B) = Pic(-B), we see that for a general 
B in the five dimensional family we have TB\pic{B) = Tb- In particular Tb sends all line 
bundles to line bundles and induces an affine automorphism on Pic(i?). 

(ii) In the proof of Theorem we also showed that the statement of Theorem |7.1| (iii) 
admits a partial inverse. Namely, we showed that if L is a multiple of a section, then Tb{L) 
is a line bundle if and only if L E Pic'^(i?). 



The previous theorem shows that the Tb action on Pic(i?) is somewhat complicated. If 
we work modulo the exceptional curves 01,02, the formulas simplify considerably. (Working 
modulo Oi,02 amounts to contracting these two curves.) 

Corollary 7.6 The action o/Tb induces an affine automorphism of Pic{B) / {Zoi © Z02), 
namely: 

Tb{L) = aUL) © OB(e - C + /) mod (oi, 02). 
Proof. Apply Theorem |7.1| together with ( |4.2| ). □ 

Using these two results we can now describe the action oi Tb on sheaves supported on 
curves in B. Let C C -B be a curve which is finite over P^. Denote hj ic '■ C B the 
inclusion map. For the purposes of the spectral construction we will need to calculate the 
action of the spectral involution Tb on sheaves of the form ict^i^L for some L G Pic(i?): 

Proposition 7.7 Let C G B be a curve which is finite over and such that Ob{C) G 
Pic^(-B) (for example we may take C in the linear system |re + kf \ for some integers r, k). 
LetLeFic{B). Put D := aeiC). Then 
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(a) TB{ic*ihL) =iD*i*DiTB{L)). 

(b) Tb{ic*IcL) = ^D.^U(^*B{L) ® Ob^c -( + /))■ 

Proof. Since C is assumed to be finite over it follows that i^L will be fiat over and 
so V = FM b{L) will be a vector bundle on B of rank r = C ■ f, which is semistable and 
of degree zero on every fiber of j3. But then r^V will be again a vector bundle of this type. 
Moreover if ft is a general fiber of (3 then we can write V\f^ = ai © . . . © a^, where are line 
bundles of degree zero on ft. In fact if we put {pi, . . . ,pr} = Cnft for the intersection points 
of C and ft we have Oj = Of^{pi — e(t)). Now Tb induces an isomorphism Tb : /rpi(t) ft 
and 

By definition tb = tc_oaB- Since every translation on an elliptic curve induces the identity on 
Pic° it follows that r^aj = a^^a^ = Of^ ^(t)i^B{Pi) - e{fr^^{t)))- This shows that FM^^{t^V) 
will be a line bundle supported on D = aBiC) and so to prove (a) we only need to identify 
this line bundle explicitly. 

Consider the short exact sequence 

^ L{-C) ^ icScL 0. 
Applying the exact functor Tb get a long exact sequence of sheaves 

_^ n^TB{L{-C)) ^ H^Tb{L) ^ Tb{ic*^cL) ^ 

^ H^Tb{L{-C)) ^ H^Tb^L) ^ 0. 



However, by parts (i) and (iii) of Theorem |7rT| we have 

V}Tb{L{-C))=H'Tb{L) 
and so T B{ic*icL) fits in a short exact sequence 

^ 7fTB{L{-C)) ^ 7fTB{L) ^ T B{tc*^cL) ^ 0. 
But in the proof of Theorem |7.1| we showed that for any line bundle K G Pic(i?) one has 

n^TsiK) = TBiK) ® Ob{{ci{K) ■ oi)o, + {ci{K) ■ 02)02). 
Taking into account that 0{oi)\c = Oc we can twist the above exact sequence by 

OB{-ic,{K)■o^)o^-{c^{K)■ 02)02) 

to obtain 

^ Tb{L{-C)) Tb(L) ^ TB{tcScL) ^ 0. 
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To calculate Tb{L{—C)) let Vt : Pic(i?) Pic(i?) denote the linear part of the affine 
rnap Tb- In other words = r|(L) + (ci(L) -Je - C))/ + (ci(L) • /)(e - C + /) and 

TsiL) = uj{L) + (e - C + /). Then Tb(L(-C)) = Tb{L) ® ^^(-^^(C)). 

Using the formula describing Q one checks immediately that is a linear involution of 
Pic(i?) which preserves the intersection pairing. Also we have fi(oi) = — 02 and ^(02) = — 02 
and so Q preserves Span(oi, 02)"*". But according to Corollary [7.6| the restriction of Q to 
Span(oi, 02)"*" D Pic^(_B) coincides with the restriction of a^, which yields 

Tb(L(-C)) = TbIL) ® OB{-n{C)) = Tb{L) ® OB{-a*B{C)) = Tb{L) ® Ob{-D). 

Consequently T B{ic*ic-^) exact sequence 

^ Tb(L) ® ^ ^ Tb{ic.i*cL) 0. 

But as we saw above T B{ic*T'*cL) is the extension by zero of some line bundle on D and 
so we must have T B{ic*i*c^) — iD*iDT b{L). Finally note that preserves Pic'^(i?) since 
a*B{oi) = 02- Therefore D is disjoint from oi and 02 and so the restriction of Tb{L) to D 
will be the same as the restriction of the projection of Tb{L) onto Span(oi, 02)"*". Applying 
again Corollary [r6| we get that iD*i*DT b{,L) = + (e — C + /))- The Proposition 

is proven. □ 
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